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PREFACE. 


• Tiie Author has for man-years taught an extensive ^course of Ma- 
thematics ; and having learned from experience how difficult it is to 
excite a general taste for the higher branches of aftalysi* amoyg the 
rising generation, he has been induced to^write the following Tfeatise. 

• • * 

lie conceived that if the fundamental principles of the I)jjfr,rential^ 

Calculus were explained in a simple manner, and' a sufficient number 
of well -selected examples given on each chapter, many who are re- 
pelled by the difficulties which occur at the commencement of the sub- * 
ject, would be induced not only to enter on the study* but even to 
master the higher and moro abstruse branches of the science. 

• 

With this view he lias eho&en the methejd of limits in preference to 
that of derived functions, as it is easier, in his opinion, to fijid the value 
of a ratio whose terms are evanescent, than to establish Taylor's Theo- 
rem by the operations of common Algebra alone, and then to develojpe 
by tlfe same means such functions as log. (jc + A), sin. (x + A), <£c. 

• in ascending powers of h. 

• % 

It yields the Authoi great pleasure to find that he is not singular in 
his opinion : as in most of the treatises on the DifferefitiM Calculus • 
ttJiich have been published of late years, Iwrth yi this country and in 
HP ranee, the method of limits is followed. 

As it is desirable^ however* that the ^tfident should be made ac- 
quainted with the different methods that have been#adopted for de- 
ducing the principles of differentiation, the Author has fully explained 
them in liis 18tli chapter, and applied them to prove several proposi- 
tions. 
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TOKFAfK. 

ticularhf careful in 


T&e Author 4ias been particularly careful in bis examples to ad van* 
from the Simpler to the *inore jtofetruse ; and while he has given full 
solution^ of / Qpnsidcyible number on each chapter, he has merely 
the answers of the remainder, as nothing is better fitted to excite 
tlife taste of the student than the pleasure of solving problems by his 
ojjn unaided exertions. # 


The Author has attempted to simplify many of the demonstrations • 
and some of them, as far as he knows, are entirely his own. lie has 

• dz • 

chosen the symbol to represent the first differential co-efficient ot 

* . . ‘fr V 

■ # 

z, conSidered as a function <K x 7 in preference to dj, because the latter 
has never been generally adopted, t^ven in that University where it wat 
jfirstnn&oduced, and because it would still bo necessary for the student 
to accustom himself to the notation of Leibnitz before he could read 
tlie works of Biot, Poisson, Lacroix, and Laplace, to say nothing of 
“those of Air}*, Whewell, and Pratt, 

* 

If this Treatise shall contribute in any degree to advance the study 
of a mest interesting and Important branch of analysis, the Author will 
feel'himself amply rewarded for the trouble he has taken in its prepa- 
ration. * 

# In conclusion, the Author has great pleasure in thus publicly Re- 
turning his best thanks to his excellent friend and preceptor, Professor 
Duncan of St Andrews, who examined this work in manuscript, and' 
suggested several improvements, which were adopted. 
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DIFFERENTIAL C’ALtfULtfS. . 


CHAPTER I. 

DEFINITIONS 

1.) Quantities arc divided into constant and variable. m 

(2.) Constant quantities retain the same values throughout any cal- 
culation iu which they are employed. They are represented b#*the 
first letters of the alphabet, a, b, c> &e« # . * 

(3.) Variable quantities are those to which different values may be 
assigned in the course of the same calculation. Th£y are usually- * 
represented by the last letters of the alphabet, x, y, ar, &c. 

(4.) A quantity is said to be a function of another when it is equal 
to any algebraical expression of the other. Thus, in the equations 
.7 = ax + />, z = (a + x)% z = a :r t z =«log. (x), z = sin. (a + x). z i* 
said to be functions of x. Functions of x are in general represented 
thus : z =/(«), z — F (x)}>z s= p [x), <&c. 

•(5.) An explicit function is oife where a is known in terms of 5;, as 
z ax? + bx + e. * 


(6.) An* implicit function is one where x and z are involved together ; 
thus, az 2 + bx 3 ~ cz = 0 is an implicit function of It is written 
thus : f (;r, z) = 0, or F (x, z) = 0. 

or 

(7.) A transcendental function is either exponential* logarithmic, or 
trigonometrical, as z — a x , z = log. ( a + x),z== tan. (a-*r). 

# * 

* 0 * 

(3.) All functions which are not transcendental arp called algebraical 
functions , as z -= a? + x 3 > z — \Ja^ - X s ] z = (a + a?)* . 

(3*) If the relation between a? and ^ be represented by an equation 


Z DIFFERENCIAL l ALWLVS. 

of yie form z = /£r), x is called the ftdcpcndenl variable and z the 
dependent variable . * 


V 


• r« 

(Ky Tl ^increment or decrement of any function is the difference 
of two particular values of it corresponding to ^different values of the 

independent variable. TlnA, let 

• * 

r * 

z = ax* 4 bx 4 c : and vvhen x becomes x 

• * # 

let z become = z 9 then z s=s ax* 4 bx 4 c 

z ~ z = a ( x x *) + b (x ~ x) 

. z 7 ~ = a (x 4 ,r) 5. 


r • • f 

(11.) When the limit of the ratio of the simultaneous increments or 
decrements of^he functioft and flic independent variable is taken, it L 

expressed /bus ~ 2 ax b. * 

* * tlx 


(12.) The object of the Differential Calculus is to find the limit of 
,tl»e ratio of th<j simultaneous increments or decrements of the function, 
and the variable on which it depends. 

(lib) d~z, d?z, . . . d H z y are the first, second, third . . . and n*\ 
differentials of z, while dz*, d: s } . . . dz % are the square cube and n tb 
powers of the first differential of the same quantity. 


(M.) ^ is called the first differential coefficient of r, considered as 

a function of;/*, because it is the multiplier of dx in the expression for 
« ' ( h 4 

dz. Thus, - . =r 2 a.\ + b. (1 1.) dz ss (2 «r + V) dr. 


Dm'Ein.NTiATjoN of Algkukaical Functioxs of One Variable. 


(15.) Let z = u whek; u is a function of x y then dz = du. 

For let" x become equal to x + h, u ~ ?< + Z; and c =■ F, then 

e — u -f £ - . Taking the limits of both sides we 


, dz du 
have ~ ~ = - - 
dx dzr 


h ~ h 
' . dz = 


(16.) Let * £= ± a where « is a function of x y then dz = dw. 



mrrLtENTiAL^ALCULtrs. # 

For let x =; a? + A, m = u V k and * = /, thei^ / = w + & .%* 

—-7- --- = f. Taking Ike limit^SHfoth slfles, we have .*• dz 

h h 0 dx dr, 

= </w. Hence the differential of a variable function is eq^tl to th^dif-* , 

foreritial of the same function increased or diminished by $ # cSnstant 

quantity. • 


( 17 .) Let z = au where u is a function of x, then <lz — adu 
For let x become equal to x + A, u = u + k } and z — /, then z r = 


aw + a/r .% 


- : = a •. Taking the limits of b<ath sides we have 

A h 


dz 


; = a /. dz=--adu. Hence the' differential of the product of a 
dx dx § , 

variable function and a constant quantity is equal to tli# differential of 

tlie function multiplied by the*con*stant quantity. m 


( 18 .)#Let z -- u + v ~ 'w where w, v and to arc functions of x, then 
dz ~ du + do - div. 


ic^ou 


For let x become equal to x + //, u n + l\ v = 9 v +■ i, iv = w + 
m 1 and z = c'j then 2 =zu + k + v+ J-w - m 


z k 

"$ *A' + 

l m _ , . , , dz da _ 

- . . Taking the limits of both sides, we have , - =x - - T - 7 - . 

Jt It dx dx dx • 

dw * • 

. x, dz = <iw + c?v -\iio. Hence the differential of any nurnbe*. « 

pf functions of the same variajble, connected by the signs plus and 
minus, is equal to their differentials connected by same signs. 


(19.) l^et z ~ uv where u and v arc functions of x 1 then 7 l: ~ vdu 
4- udv . 

s* 

• m f 

For let x become equal to x + A, u = if -»# A, t? ==. 77 /, and z = r. 

' z*— * k 

then c' = (w + A) (v -f Z) ~ uv + vk + 1$ + 

l Id * * t 

w-r + v . Tifking the limits of berth sides, we have = v ^ + 


A A 
dv 
dx 


k *Zr 


= w/m + udv . Hence the differential of the product of 


two functions of the same variable is equal to the differential of the 



diffeke: 


;n/xal calJulus. 


I 

* first multiplied by |he second, plus the /ifferential of the second mul* 

tiplled by thq first, % *r 

• • / 

• \ • • 

(24J Let z — uvw where «, v and w are functions of x 9 then dz 
— vw$u**b uwdv + uvdw, t 

1 For let vw = y, then dz =s ydu + vdy (19,) =s vwdu + u 
(wdv *f vdw) vwdu *f uwdv + uvdw. 


(21.) Let z — where u and v are functions of .r, then d: 
vdu - udv 


For since z =s= vz it .% + oflk =r f/tt 7‘cfc — c£m - 

* u" , ?;r/w - tttfa „ vdu -udv 

--- du <7/; = ■ - ~ cfc = „ — . # 

r ( u r 2 

t 
; ; 

Hence the differential of the quotient of two functions of the same 
variable is equal to the differential of the numerator multiplied by 
the denominator, minus the differential of the denominator multiplied 
by the numerator, divided by the square of the denominator. 


^ T ,. a . 7 vda - adv advk . . 

Cor, Ir z = -- then dz ss jr since da — 0. 

v V s V s 7 


(22.) Let z — u where u is a function of x 7 then dz = w it* 1 "" 1 rZw. 
For let .r “ x 4 A, it = u 4 - jt ? and £ — then z = (w + &)” 
nn - 1 


w n + 7iK K “ 1 A: + 


K 2 ; “ 




A 


nr 


7t 


— --- w n “ 2 4 + . . « Taking the limits of both sides wc have -~ 

1 . 2 h " <. cu; 

, dU y , , 

= n^” 1 .\ a* =-= nn" -1 aw. 

ax 

C^Tencc the differential of any power of a function of a variable is 
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found by making tie index the\^o-efficient, diminishing the hulex pf 
the function by unity, and multiples this product by the* different^! 
of the function * 

• • •* x 

(23.) Let £ = a function of u, and u c= a function of anj then 

dz dz du t 

dx ~~ du dx • 

For let x = x 4 - dx, u = u + tfw, and £ = £ -}- then since w is 
a function of x f we have u + du = u + ^ (14). Again, since 

r is a function of w. we have z *b dz 7=2 js + du ~ z + 0 <U 

* du * • c 


dm dx 


dz dz du • 

dx '''Jh^}&djf * * # 

r < rr . *i dx du du. 1 

Cob. — I t z = x then — ” I 

d u dx dx *dx 

du 


L 


Example (1.) Let z = ax 4 + ^ 4 * 

7 , rfc 3 Ax* , c 

dr, and --- — --- + J + 

* 

Ex. (2) Let z — (a? + cr 2 )* /. dz 7 = n\a 9 + 2 xdx . 

~ ~ 2 nx (a 2 + x s y~K % 

, V • * 

Ex. (3.) Let z =3 y/ n + bx + cv a dz~ J (a + &x+cx sl )~ i (b + 2 cx) 

d r 'k & + 2 <u* 

</.*■ *2 (a + bx + at* 8 )*’ • 

Ex. L0w) Let £ — (a 8 4* a"* 2 ) 2 - (7> 2 - or 2 ) 2 dz 7 = 2 (a^+ a* 8 ) 2 xdx* 


?"<S (6 2 - .**) 2 .rrfx ~ = 4 (a® + 5 s ) a* ,f 

• .. • * ' 

Ex. (5.) Let' «a = JtdL* fc (£. ±_ x3 ) i . ... 

^ a-* (a-#)* ~ • 

\ (a -f* x?)-* {a - xf 2 xdx - ^ (a - (a g + # g )* x ~ dx 


a - x 
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(a — scfvedto (o? + & s )* iy 

^i+;?jr + _ 2 (a-x) xdx -f («® + **) 

Y (■«*+ >j*T« - *)» 


a-x. 


• » 

_ <**._ 2 ax- 2 xM- a*+^ _ a 8 4- 2«*-a? 

“ <& “ 2 (a 8 + a 8 ) 5 («- # - 2 (o 8 + a 8 ) 1 (a - x) f 


Ex. (0.) Let * 


• •_ yi 4- *4- V i £3^ ( y_i 4- x 4- V 1 ~ 


V 1 V i — a? 


2 a? 


l+Vl .^ s ^l-a^xx - 2 x <fc- (1 4- V 1 - x a ) dx 

: .*. tfo — — 

« ® * * * • 


T, (l r _y) 

f ’ * 


' t 

,3 * ' 1 $ 

$5 - a -h vi , 


-;i 3 </.r -(1 '*<: 

V (J - a 8 )* 


1 4-\(1 - a 8 )* & 1_+ (l ~ **)* 

"a 8 V - a 8 ) 1 ” dx ~ ~ a 8 (1 - a 8 / 


Examples fob Practice. 

t 


dz 


\1.) s =s. ax* .*. ^ = 9 ax 8 . 


. * . , d* ^ 

• <»•)•- */•••£ “if 


* , <& 14 

(3.) : = 7 - ¥i i- 

« * 

. ^ 2 a 

(4-)/ F 4 ax-* ^ = - - r 


(5.) s = 'a? + a: 3 + * *h 1 ^ = 3 *" + 2 x + L 


(6.) t — (a 8 4- a*) 3 .-. ~ = 3 (a 8 4- a 3 / (2 *4-3 **)• 

, ♦' 



DIFFERENTIAL CALCULI®/ : 

• * 

tiz 

(7.) Z = (a+3 xf g « 24 (af S $V 


(Jv 

(8.) ^ = (a* - 8 **)* .% j- =a= — 24 (a 8 *- 3 «*)?& 


db 


(0.) z = (W* - jt 4 ) 8 .\ =s= 4 a? (J — 


-*)• 


(10-) * - 


( 11 .) « - 


ax dz __ o(2P4~3dP) 

(p -ly S ~ 


e> 

a 


(a 4* «)* , _ 

a 2 - a ? 8 " dx~~ \a - %Y 


dz a - 3 ; 


(12.) c-=(ci4-a?)Vtt--s 

. A 2 Va - *’ 


(in.) * 


flb a 


\/ ci — bx 1 tlx (cc — && 8 ) s 


(14.) £ = 


(3 a - 2 #) jb^ 


V' a ~ i ^ 2 (a -*^)i 


(lf».) s = 


x* + 4 a 8 j- 8 -8 a* dz - 3 a 5 


vV r *• ■ <&? (a* - x*y 


(16.) c ✓*+ vi + 

.r 4 

< l< ‘) Vi+7 " & 
» 

(1+^)* . * 


dz 


( 18 .) * 


dz _ (x -\- V I + »■*)* 

“ 2 VI + ? 

1 J 

* > ) 

4 x 3 + .V ; 

~ (i J + r-)i * ■ N 


(1 + a- 8 )’’ (1 + 10 a - 9i*) 


VI — « 


dx 


2 (1 - a)* 
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t ,* Vi + u? $ z ^ + 

. (19 .) .» fa v r+ 71 ’* ' w df ~ 2(T V# (1 arf 

r; « «’ 

*' 1 ' # 

v'l + J* x + yi - a? di _ 

(20.) a = ^r- x 1 ~ 
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• CHAPTER II. 

• .f • 

DtFJFEREKTTATION OF TRANSCENDENTAL FUNCTIONS OF ONE 

VARIABLE. 


FIRST, EXPONENTIAL* AND XOGARITHMIC FUNC1 IONS. 

• # % 

(24.) 1 ^et a =r a* then tlz = a* dc where A -=^ (a — 1) — 
-1)® (a-l)* (a r I* 4 , # 

_ + _. -+&C. - 


t 


For let x become = x + A, tlien z =tx o' * * sss a* x 


Suppose a = 1 -f b, then a* = ( 1 + bf — 1 + hb -\- ~L^* 

_ ___ * 1.2 * 

— - — - -f- Sen. Arranging the terms according to the powcri 

of A, it is easy to see that the two fi|»t terms of the development ar« 

^ ^ (l l'* V , \ ; \ 4 - A. 7 V , fa A* 

1 + y> - - 2 ■ + j ltc j fl - 1-et A = b - --- -i- --- - ---+ 

# &c. « - 1 _ (o “ l J“ + [ a D* - (? ” 0* + & s . ami ’Tot B 

C, I), <£o, be the co-efficients of A 9 , h 3 , A 4 , &c. tln?n a* = 1 -f- A A 4 

R A 2 + C A 3 + IJ A 4 + &c. z = + 4 == a* x a* = a r -f A a* ^ 

+ a 3 (B A 3 + C A 3 + 1) A 4 + &c.) 


- & 


4f' 


- = A a T + o' (R A 

1 • dfe' 

+ 1 ) A 3 -f- &©.) Taking the limk% jpf J>oth sides we have -- £= 

# 

A « r </s = A a f d>\ • 

• •* * 

(25.) To expand a' in* ascobding powers of ,r. 

• • • 

a v — 1 + A.r + B.r e -f < j* -f &e. (24:) Differentiating wit 
respec , to x, we have A a* ■== A -f- 2 R -f 3 C rr® + &c. Rut A n 
- = A f A 2 ./* + AB r 2 AC x* + &e. And when two senes of th 

B 
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abb¥A forifi ure Always equal, whatever be the value off, their cd3$efc-\ 

V^_ , , * A* ‘ ' / : ’ 

joudibg co-eflfcients are equal ■= — , € = 533 &c# * # 

'V' Ax + 4- + &c., which is the eipmmiidt 

t' %' 1 * 2 */ 1/2.3 ' ^ ■ ; ,;*■ 

theorem . / 

* . . ■ ' 1 1 1 
f , .* i ’ ' 

(26.) Jo find tl^e value of A. 

1 AW 1 AW ‘ 

We have a* = 1 + Ax 4* ~\~~c£ 4“ j ^ ^ 

Let * = j thiiu a* = 1 4“ j g ^ J *2^3 ^ c * Calling 

< , 

*' , 1 

the right-hand aide of the equation <?, we have ok = « •/*«, »e A 

and &g. a = A log. e ,v A' =« j~~* The number e, 

C I > 

which is equal to 1 4* 1 4“ J — ^ 4* ’ jp ’ ^ — ^ 4" ^ c * ^ 2.7182818, ia 


«**!#> base of tlr^ Napierian system of logarithms .% log. e = 1 
„\ A =- log. a /, dc f sss log. a a*dx. 

A T .I/. — Whenever log. is einx^oyed, the Napierian logarithm is meant. 


dst 


(27.) Let z = Jog. x, then dz 

( 

w For since » = log x e* = x and Ae'dz dx 

dz =a. t™-' =s= since A «s 1 wheh the base is e. 
A e* x; 


(28.) Let z = log. ?/ where y is a function of x, then 

For p .’f 128)= ‘ -J £ 
dx dy «x ' A?/ dx # ax 




Since A ~ 1 dz 


djf 

~ r 


Therefore the deferential of the logarithm of any function is equal to 
the differential of the function divided by the function. 



DIFREREMWAL GAWJtri.CS. 


11 


(a*+l) &* ^g* a- (a?~> 1) a* log* a _• 2 a* log. a *# dz ^ '* 

7*W~ ~ \a*+iy> jffr 

2 a 3 log. a 

(«*+ir 

Ex. 2. Let z = (# - 1) a r .\ <& s= a* d> # + (a* - 1) a' log. a 
<ir ^ a* dx Hh # #* log. a &c ~ a* log. <&; ^ ~ a* a? log. a - 

(log. a - 1) <#*. • 


Ex. 3. Let * = log. — ~sst. st; f log. (I *f &) — i«iog. (1 - 
VI - # . * 

* • * 

j dx dx dx - x <fa 4-*rIc f + xd % 

*'■ * = *o~+ r> + alT~-~r) * - — a a— -r^~ 

j/.r ( (1z _ 1__ 

1 <tr ■* r~- 


Ex. 4. Let x = log. 

Wfl + X - v« ~ x) 


' a ~ Va«-u* 


if we multiply both numerator and denominator by V^ + a* -* Vi _ ^ 

and simplify, c ~ log .r -log. (a - ^a 8 - /) - =. * - 

• * d* * x 

r a (V a 2 - j* - a) 

(u s - a,* 2 )* (a - V a® - x J ) x(a a - a 8 )* (a - ^a 8 - /) 


V'"-~ a "V 

Ex. />, Let -z = a* ff . Let y = ir% tlugi Ipg. y ^ V i$c£ x, and 

dft ' ^ 

— (log. j- -f 1) dx .\ di* ~ (log* .r •+ 1) ilr . But = log. 

.V t • ' ♦ 

a a? dx* A = log. a </ a* (log. r -f 1). 
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Ex. 6. *Let * = Let ; *0“ 

log. )=(**+*) log. 6 .-, ^i=fogTT (2 aj+l) and <% = log. h IP™ 

•* «, t & * 


r efc 


But <fc<=log. a a^ + *W‘* + * ^ =log. « log. fea^*** 4 IP™ (2x+ 1). 


Examples for Practice. 


(1.) Let* - < t -~ ••• J = («*+i)log.«- 


(2.) Lei t = (x-l)< -* = -m*- 


(S.) iet 2 =. e*' .*. = «** s' (1 + log. y)- 


, rib log. a . a log - * 

(4.) Let z = a 10 *’’ = ~ 


(5.) Let e 


/«*- 1 a 
~ V^+l ” <i 


+ 1 («•+!) (**- 1/ 


(a?4*2) 2 dz x 

■* <«•> Let ‘ - io * ^Ti an * ^+2- 

_ dz 1 

(7.) Let * = log. (x V -1 - V 1 - a?) ••. % = 


W Lot . - log. ••■ s = T73^i- 


(9.) J^.r — a* «»«'* A — — a;" -1 (ne l0 *-*+as). 


-$0.)* Let « = (log. x)- .-. ^ = n (log. xT* 1 -. 
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13. 


cu.) J*E», 

(18.)1«» = 1. S .^!...* =j »£j. 

> , k -* 

= w ^J+ v r ~ 1 . * 


(13.) Let# = log. 


v/ l + V'.r+l ’ ** *2it?^/l + v'S 


(14.) Let z = 5 = log, log.*& ~ = - r - — • 

ax j log. sb 


Second.— -Trigonometrical or Circular Functions. 


I 


* 


(29.) Let * r= sin. x, then = cos. x. 

• 

F or let x become equal to a: + A, then V^z sin. (x + h) =» sin. a: + 

2 cos. ^ #+ ^ sin. * *% sin. (* + h) - sin. * as *' - * =. 2 cos. 0 

. h z — s / * h \ sin. 4 h 

• Sin ’ 2 ~h ~ cos ’ V + 2/ ‘ Taking the Emits of tyth 


sides We have ^ = cos. x. 
ax 


ds 


(30.) Letss= cos. a?, then - =. - sin. r. 

ax 


r 

For cos. « cs= sin; ^ ^ ,\ ds = cos. «? =s cqs. ^ x - 

. dz I* \ . # 

(31.) Lot * =, tan. x, then ~ c= - J «a gee, ^ 

<£r cos, v 



14 


OTFFEREttTIAL CAJjCVhVt. 


* sm. x - , , cos. *x sm. *x 

tan. cu ca , * - .\ <fe = ( s? tan. aj e= — — — < 

COS. a> 


I'or tan. cp 


cos. *x 


COS. £ 


. , dz 1 0 

• cfe.*. *3- =sr — a- r= sec.. *0?. 

S % oa? cos* “a? 

c t 

t 1 

(32.) Let a = cot. a*. then — =f= = r w s* - oosec* 

7 1 dx sm/*a? 


« A cos. sc * a - coa. % + sin. *# , 

For cot. x «= -r. ™ cfr as= a cot. a? « — « — *~^~r — m 

sm. a; sm* a; 

1 7 dr l « 

- *7 5- dtf .\ SS 5 - - r~ ss= - cosec. * a?. 

sm. *a? dt sm. *x 


( 

dz 


(33.) Let a r = sec. a:, tflien ~ = tan. ar sec. a*. 


f 


r, 1 . . 1 sm. sr dr sm. sr I 

Forsec.a*= .\ dz ^ d s= - — - = x — — 

cos. a; cos. jc cos. b a* cos. 0 cos. a? 

dz 

fir = tan. a- set. x dx ,\ — tan. x see. x. 

dr 


dz 

(34.) Let z = cosec. r, then -- = - cot. x cosec. x* 
7 dx 


For cosec. r — - . - — dz = d —7— 

sm. a* bud. . 


cos. a? 
sin.® a* 


cos. * 1 

- — x . dr 

bin. a; sm. x 

cosec. r. 


cot, x cosec. a* da? 


dx 


dr = 


— cot*, a? 


(35.) Let * = verm. x =t. sm. a?. 

dr 

f 

' For vcrsiu. x =■ 1 - co<*. r dp ss. d (1 - cos. &) s= sm/> 
dz 

— =? sn. a. 

dx , * ' 1 


(30.) Let * ~ r sin.- 1 # where 'si 11 . ^ar represents an ate whose sine is 

A ' dt 1 

a*, then v — 1/ r~ 


^ Vl - 



m ttmemsTjAi. ctejonvea. 

Pot since *’=. sin. ~ x r x as sin. t qps. e «k * 

But COS. £ — ^r-^b. = v*f *4 ... v'i T'# <fe = 

ds _ 1 

’• <fo ~ vft - ?* # 


(87.) Let x specs. ~*jc then ^ . 

* Vl - ^ 

• * • 

For since s = cos. -he cos. s sp <r - sin. *«fe t= d£r. 

Bat sin. * =s= l/jf - C os. *z =• VlT a? ... - VT - ®* <fe= <& 

«fc 1 • 

' dx V f * 


(38.) Let a = tan. - 1 # then ^ as • — i — £ 

flw? 1 *{- £tr 

For since * — tan. tan. g = # ... sec*. »* ds = dr. 

Bnt sec. sl-f tan. "z = 1 + p* .*. (1 + r“) dz = dc .*. * 


1 + x*‘ 

(39.) Let z = cot -V, then * 1 - . 

dx i -f- 3* 

For since s = cot. “hr, e&t. z ~ x .•, — cosec. *z ds -= dx. 
But cosec. *.* = 1 + cot. a z^l+. ; » ... - (1 + r») ds 
tfls __ _ _ 1 • • 

’ dr 1 + J*’ 


(40.) Let*z = sec. ~ l r, then « -- 

* t V a» _ 1 

„• * , 

. or stnee * ~ sec. ~ 1 x, sec . ; — x tatw s *ec. zefe = dx. 

But tan. z= V sec. 2 z- 1= V-s*- 1, and sec. ea r.\ r v^xl ds—ds. 
dz __ „i__ ’• ’ 

dr ~ rVtfZi 


41.) Let J» pteoaee, *^sp ; then 


dz 

dr 




‘TV" 




if tii since* 


'rtSma.~ x «, TOrsfu * .*> sin. *tir sx de. 


But sin. * 


^SSiyi as V 1 *- (1 yeretn. *)* ss VI — {X •*#*)* 


1 f _ - ds 1 

as V& C '*'S?* •% V&»- fc* dt.% 


i(43jf The results in the last 14 articles Lave been obtained upon 
the supposition that the radius is unity. We shall exhibit them bhortly 
in the following table, both for the radii 1 and a . 



(7.) d veraiu. x sa sin. > <h. 




(8.) d sin, a: s» 

' ‘ 


(9.) <f COS. - J * afe. - 

(10.) dtan. “* x ac 


* 

dx 


l -fa* 


„dx 


(11.) d cot. X*. - 2 

I + Jr 


(12.) d sec. "'as.- 

* Vx*-JL 


113.) d cosec. _ * r _ - 


</* • 
x <l*-l 


<#**5 

t * 

d 

4 tap. 

d cot 
# 

* 

4 feec. 



4 coeec, ~ 1 jp ; 


a* J# 


(14.) (/vorsin.* 1 x — r — | 4 vorsin. ~ l #:=* — * 

V2/. ^ 

i 


4s 


Ex. 1. Lets — sin. V, then _ ;=3 sin. Vcos.-r^ 3(fcos..n~<!b$?’3 
\ dx K *! 


$ 


# . * 4j • 

Ex. 2. Let s ^=r (2 -f siu. *u) cos. i ,\ = 2 sin. jt, cos, V **■ 

(to 

{2 + bin. */) sin. j = 2 sin. x - 2 sin, - 2 sin. # - sin. «n-t 

*» • a • * 

3 sin. 3 / 


Lx. 3. Let j: — y tan. £', 'where y is a 4*nclion of tr f then dz = tan, 
>' dy -\ y see. 4 as* n %•->■ dr tan. «y •/“* Vc. V, 


4 


Ex. 4. Let j — log. (sm./) .% e&r x. 


d sin. x 
Bin . ^ 


cos* ir , <k 
sin. x * '(ha 


^os. x 
sin. * 


- cot. 1. 
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f^x. 6, Le| 1 1= 5““'* sin, a-. 

^ • 

dt «<?““• r siiv x rf cps. x + e 44 *’ r cos. x dx. 


tl ~ L - e c0B *‘ r sin. + e C08 ‘** cos. x ~ c 00 *-* (cos. - sin. V 

or • 


cfe •_ 
uU* * 

- e 00».^ / cog Sjj l COS. ^ - 1). 

• * * 

Ex. 0. Let s j= log* / l ? — £ log. (1 + cos* a*) - | log 

i *■“■ cos. / 




sm* ar 


sin. a- 


(1 - C0£. *) r ... ffe - ' -2(1 + cos. x) 2 (1 - cos. :r) 

sin. x + sun x cos, r«+ sjh. x - sm. x cos. <r _ x 

* 2 (1 - cos. V) * « ~~ 1 - COS, *JT 

u . t ; 

- * 8ll v r ^ - 1 . . 

siifTXr sin. J’’ 


Ex. 7. Let c sin."*' 1 


Vi 4.’' 


* dz (1 + +^-*2x 

(£+>>" <•'- 


= i ir ^ ~ - L - 

(1 + (i + a-)8 


i ^ v 

Dut cos. t — VI — sin- “ 


: nA ~ y 


_ l _ _ 1 

(1 + as*)* dx 1 + x ~ 


Ex. 8 1 . Let z = tun" 1 

* „ d# • & 

.*. sec. 


ja -f* bx 
V «T- a 


tan. z ^ 


(« -4- J.r)* 
(Z» - «)* 


Lut see. -z -- I + tan^- 


dc 2 {b * ca^ (ct + Zu-)* 

_ i _l <V+ **.— t O . _ b ~ a * - b — - 

•Sflt - a) *S - a £ (1 + «) 5J(£-a) 5 (a4^j 


(£ - <$* 

2^1 + a;) (a + &r)*’ 
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I'vamples ron JVactice. 


• I 


r <. 1 ~ G°$’ « 

(l.)Letr= ~r— 
v cob. 

A? sin. x (2 - co4*a^ 

# * * dx cos.^x * 

• 

• 

(2.) Let : — see. V 

$ 

da n sin. a? 

As.* + »T b 

(3.) Let c — log. sec. 2 f 

<2r 

J- Sr. 8 tan. & 
dx * 

A 

(4.) Let ? — sin. log, a? * 

<&* c5s. log. i? 

* » dr x * * 

® • 

i "* 

* 

, , , . /T"+ sin. ‘‘‘x 

(5.) Let g log. / - " 

V ' 6 V 1 - MS. -T 

<fc sin. 2 x . • 

• - — V • 

dx 1 - sin. V % 

, . /I ■+ V - 1 tan. 

(G.) Let c — log. ( - — : — ’ 

v \1 - V-l tan. xy 

j i— » 

i 

>. 

11 




20 JMFKEBRNTIAL CALCd-DS. 


CHAPTER III. 


SUCCESSIVE DIFFERENTIATION AND ELIMINATION OF 
f « 

CONSTANTS AND FUNCTIONS. 


•> J. < 

(44.) Let z ,= /(x), then — /'(a-) = a new function of x, 


d*z * 


(Ps 


dx “* /»• rf? = &c ’ 


Ex. Let z = 5 ax*, then ^ =--20 a.r® =/'(«), =. 00 ax* 

’ tfx ■ cfe* 

//3^ ■v 

ssa f"(x\ -^ g = 12<)a# ^/"'(.r), = 120 a, which terminates the 

differentiation, ns 120 a docs not contain a\ 

r 

l 

(45.) To find the successive differential coefficients of 


Let jr ,£*, then 


dz 

(lx 


r/2 ~ .. . . 

: » ^2 = nn- la— 5 


^8 ^ , , - — d? Z ■■■, -- - , , r . - r 

— nn - 1 «~2 .s'*- 3 , — = n n ~ 1 . . ,» »-r'f 1 


d*g 

dix* 


nn*i . .. . .2.1. 


• « 

f 1 

(46.) *fo find the successive differential coefficients of <f. 

t n * 

dx d* f //**;* 

Let a- 17 , then — = log. a a % = log. *a =» A% T , — - =s A 11 a*. 

(47.) To find the differential coefficients of sin* a? and cos* x. 



l>tottREamAL CALCULUS. 


21 


d sin. x 
dx 

= COfl f 

d eoa. # 

dx 

0*sm. r 

djp 

= - sm. a 

il 

dP cos, ? 
dfr 8 

« 

J 8 sin, cr 

sr - obe. t 

d a cob* V 


"'iLc* 

cP sin i 

tip 

z=z sm t 

d^cos a: 

di 4 


=~ - rnn. a *. , 


= - cos.#. 


= sm. ar 


= cos. t. 


(48 ) To find the successive differential coefficients of sin. * l x. 

* 

* * 

. . . dz 1 <Pz ^ - 

Let s - sin. t, then rf - - </c a ~ v • 


<7®. 1 + 2? a 

</t 3 _ 


7 &C z=r <^C. 


(49.) To find the successive diffcientkl coefficients of uv 9 where 
n and v ai( functions of r. 1 • 

Ltt z — in\ then * 


dz 
tl i 


(fv 


<Pz (Pv , du dv d 8 u 

+ 2 --+ - w 


<p~ 


<u 

(Pv 


dx dv (L* 


du d“n d 3 u dv cPu 
di* U di* dx da i dx* dx <k*% X 


dec. =- <fc c. 


• » # 


II pie the law of the exponents and coefficients is the same aft that 
• (Pz 


of (u + rV 

+ 


' dx* 

nn~ 1 ?i~2 d*u d*^v 


d*v the (jP* 1 v w/i-l (Pu cp- 2 v 

U dt* ^ n dc dx^ 1 ^ T. 2 (h* <ia*“ a 


1 2.3 dz* dr* 3 


+ &c. y which is Leibttita’s Theorem. 
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* 


t 

To demonstrate this theorem, since we hare 

« 

. dv , rtu 

- m - - 4- ?■* 

dx dji • dx 

If *ve separate the symbols of operation from those of quantity, and 
make and ~ represent the symbols of differentiation of i? and u 
respectively, we have 

d: (d it \ 

<b ~~ \rfjr ^ dx) U t * 


Let it now represent the index of operation on both sides, and wo 
have 


+ 



(A 

+ 


V 

<7V 

<hi d»~ 1 

(h* 

(* 

rk : 

) u v - 

dV 

+ 

a 

n )i ~ 3 

(I®U 

<r- 


, nw-1 

n ~ 

2 rPw d* h; 

1 ,2 

dj* 


*~2 

+ i.» 

• 3 

✓tor* //** 3 


“h <kc. 


This demonstration applies whether w be whole or fi actional, positive 
or negative; while that given by Leibnitz establishes the tiuth of the 
them cm for integer indices only. 

Vide Lcfbnitc Corruwr . Fp\s, Vol I. page 4(5. 


j 


The Elimination of Constants and ErNcnoss irr Dufeuenii^tion. 



Let j? =r 



<Pz 

fl* r 


« >* + bx 

0) 

2a** f D* * 

(2) 

2/s 

('*)• 


0) is called the primitive equation ; (2) a derive! equation of the first 
older ; (3) a derived equation of the second order, and so on. ‘ 

Vide Lagrange Calcul. des Fonctions, page 153. 



(51.) As there are two constants in the ■primitive’ equation, and we 
hare now three equations, we may obtain an equation of^the second 
order, in which no constant shall appear. 


Thus a 
<Pe 

’* dA ~ 


d 3 z • dz d*z 

~.YdA /b ~ & ~ x \ 

& 2 2r ' 

dx X + A “ • 

• •> 


From this it appears that the first derived equation enables us to eli- 
minate one constant ; the second, an additional constant ; and so on. 
Jt lienee appears, that whatever be the number of constants in any one 
equation, they may be eliminated by Differentiation. Fraction^ quan- 
tities and Transcendental functions nAiy be eliminated in & similar 

manner. + , 

• * 


Example (l.) Eliminate m and a from the equation 


£® ^ m (a 3 — x s ) 


. dz 

2 : r ^ - 2 mx 
dx 


m 


z dz 
x dx 

z d~z , 1 /dz \ ~ z dz 
' ' x d? 
d*z 


1 /dzy z dz 
x \cfjr/^ r *a J * dx 
B * , (dz\* 

a* +T Uy- 


dz 

• • 

dx 


Ex. (2.) Eliminate c from the equation = 

log. 0 -y) =. - + log. c 


. dy dy 

1 - ¥i = y 
* - y (*"- yf 

- r - 2 y + y % - °- 


► # v, 


Ex. (3.) Eliminate the constants and functions from 
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dx 

(P}f f __ 


a coi. x + b sin. a;. 

« 

e 

- a sin. x + b cos. x 


d Q y 

<h* 



Ex. (4.) Eliminate the exponential and circular functions from 


f y a e™ sin. nx <? 

log. y =. log. a + v\x -f log. sin. nx, 
( * * 


1 dif ft 

Differentiate - ^ ^ 4- n cot. nx 

, V do ' , 

ify _ ? Mf\* _ 

?/ df 2 y/ 2 v4/: / 

— n 9 — n 2 cot. 2 /u\ 


coscc. a n.4? 


But 71® COt. S «wr i^r 


1 /%\ a 2 m 

>/* yir / y 


( hf 
(it: 


-f* m* 



d*y 

dx* 


+ K + n *)y - 


0. 
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V 


CHAPTEE IV. * * 


OEVELOPMENT 0/ FUNCTIONS OF ONE VARIABLE. 

* 

maclaurin's theorem. • * % 

• 9 

(52.) Let z =/(./•) and let .£(/)*= A + B x + C j? + Da* + <&c.. 

(h (P* • 

then ~£ =13 + 2 C .r + 3 Df + . . ^ = 2 0+ 3 . 2 . D ^+\ . 


C&: 


r/.ir 


a =3.2.1) + ... 


dh fi! 2 ^ fPz 

Let the values assumed by z t -£ , ^ ’ ^ c ’ w ben be re- 

p™”" •» <•>>(£)• &£)■ (£)■ 

' Th “ <-•> - *. Cs) = B - i (£) - tM£) - " ' 

-* = « + (£) f + (-S) n + (S) 4».+ ^ *“? 
* » 
is Maclauiin’s Theorem. 


Ex. (1.) Let ^ = <T+*i. Then # * 

4z _ 1 1 _ 

<+• 2 (a + r) 4 
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d?z 1 

* day 3 4 (a + a )* 

,< fz 3^ 

7ix* 8 (a + 

<fcc. &c. 


dz d^s d^z c • 

. Making x = 0 in the values of 7 &c., we obtain 




. ■ 

.*. <C ^ Cl -f- X = ^ “i 


* J **,. , 1 *» . 

«»’ 8 + 17 ; (? c ' 


* /t , 1 X 1 X 2 1 7 C 3 

= * (1 + 2 a ~ 8 «*' + 16 a* “ &C '> 


* ( J Z 

Ex, (2.) Let z — (a + «?)* then ™ ~ n (a-j~ a;) 


r /2v i ( p z , — : 

n n - 1 (a + x) n ~\ - h - 2 (a + &c. =. &c. 


cfc 9 


Let x s= 0 in the values of z, &e. 


•■• w ,=a "’ © =na - OS) = nn - 1 ^ 


wn-ln-2 a n ^ 8 £ =(a-(Tx) B ^=: a” + n«“” J ,r + n ? &*~ 2 ^ c -f 

1.2 


tttt-l* w — 2 

lT 2.3^ 


a^ 3 x k3 + &e. which is the Binomial Theorem. 
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. (53.) To expand ain, x and cos. x in terms of at. 


* 

• 

z = am, x 

5* = cos. x 

9 

dz 

-j- S=S COS, X 
ax 

dz 

— — sin. a? 
dx 

<Pz 

cPz • . 

— „ — — ■ cos. a? 
dr® 

rPx? % 

33=- COS. X 9 
ax 

t* = sxn.*a? 

<lxr 

d*z 

= am, a? 
dr* 

9 * 

• 9 

' d*z 

-r£ - COS. 5 tr 

$ 3 * 

11 

8 

at 

• 

“ 8m ’* 

-y e =s - am. .r 
dr 6 

7 — - COS. X 

(Lr » 

&C. s=s &C. 

• &C. — &c. 

dz 

» .r = 0 in the valuta of 

(W* 

• 

r/®c , 

d? a ?' &c -’ thcn 

w = 0 

(*) = 1 * 

• 

Q= > 

Q- • 

0 

II 

C *1^ 

-00-'*; 

- 1 

W/ . 

; Q- >' ’ 

g 

II 

O 

(£)= ■ 
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\(£h / 

'(?)= • 


- 1 


" IT2T3 + 1.2.3.“5 ' ^ 

z 4 X* 


and cos. a? = 1 - —r + 


r 1 , 2 ~ 1 . 2 . 3 . 4 1 /2 . 3 . 4 . 6 . 6 


+ <&c*. 


( r» ** v ? “- ^ 

But e r 1 » 1 + x V f - 1 -*• y ~2 1 — 2~F ^ &c * 


and ^-^^” 1 « 1 - « V - X - ~ + & c . 


■•• * ^ v "' + = 1 - o + t:&i74 ~ &c - = CJS> *» 


and 


2v 


But tan. v — 


ZI_”” ( c> r v' — 1 _ £W-n 3 : . 

/-1 V ; * 1.2. 


3^1 .2.3*4. 5 


~&e.;=sm,.r. 


sm. x 


1 e lr ''- 1 - t 


COS. X *J - 1 <? 2 * v “* + 1 

Also cos. ^ ± V - 1 sin. x = Let # became 2 = then cos. 

m# + V - 1 sin. »u' = e* #,jV ~ 1 =: (e i x ^ ~ *)** ~ (cos. # dt V — 1 sin. a;)* 1 , 

t < * 

*■ which is De Moivrds TJ>eorem. 


(54.) Expand tan. a? in ascending powers of x . 

c r * 

This might he done by Madaurin’s Theorem, hut w© will adopt the 
following process : — 8ince (tan. x) x = 0 =* 0, % will appear in each term 
of the expansion. 
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: n 


* * ' 

* Lot tail* x xx ax -f la? + ex? + dx 7 4 * &c* = • 


+ • 


iC 6 


sr> 


X.2.3 M.2.3.4,5 


1 _ , ^ 

1 . 2 ^ 1 . 2 . 3. 4 


- &c. 


— &c. 


Multiplying by the denominator, and equating the coefficients, we have 

* 1 » ' 9 * * 

2 10 


a =? 1, 5 


'1 .'a. 3* c " 1.2.374.5’ 

O *3 Ifi/* 9 

tan.,= , +f ;^ +OT§ :_- +& c. 


<kc. = &c. 


(55.) Expand sin.~ I x in ascending powers of a;. 

* i* 

Since (sin a:) T<=0 =■ 0 x appears m all the’terms. 
Let sin.*" 1 x =s ax + bx 2 + c:> * + +/ e ® + &c. 


— =? a + 2bx -f- 3 + 4 err 3 + 5/tf 4 + &e. 

But vrer = 1 *^+44^4414^ 

' - 

1 13 

*•. a .= 1, b = 0 , c = --g, tiO,/= 'aTTTs - ’ &c ’ * 
sin .- 1 <r = x + 3 ? + "jj ; £~5 x ° + &c - 

* • 

# (56.) Expand tan." 1 x in ascending* powei^ of x. 

* 

Since (tmr 1 x) x ~ 0 ~ 0 ;\ a? appears ii\ al^the te/mk, and it may be 
proved, as in (55.), that the expansion contains only odd powers of x. 


* The expansion for tan. x contains only the odd powers of x, since tan. — x 
s= — tan. x. 
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Let tan."” 1 *# ax -f* Ja 3 + cx* + dj n e,i* &c. 


I + Xr < 


5 *ss a + 3 bj? +• 5 cr 4 + 7 dr 9 -f 9 &r 8 + &c. 


i 

But 1 -a* 2 + ^ + *e. 

1 + ar 


.-. a _ 1, 1 - - 3 , C _ fi , rf - - 7 , « - y, 


1 = l, &C. 


tan. -1 * = r-Jj 3 + )ai'-L , + ( j > 9 - 1 .< n + &c. 


< ' cr , 1 ] 1 l 1 

L:t ,T rrr l, then tan.- 1 1 =. 4 =-- 1 - 3 5 - 7 + ^ - 1 j- + &C. 


This scries would enable us to obtain an approximation to the cir- 
cumference of a circle whose ladius is 1. But as it converges very 
slowly, it is not well adapted for that purpose* It may bo rendered 
more suitable as follows : — 


Sine$ tan ~ l t x + tan.~ 1 / a --= tan ^ ^ \ Let tj =*= * ± t 2 =■ * 

* ‘1 ‘2 * * & 


11 

and wc have tan r 1 1 = tan.” 1 + tan."" 1 But tan.~ : 1 = - 

Jo 4. 


.1 . + - 1 - - 1 +&C 

2 8 . 2 3 ^ 5 . 2 s 7 . 2 7 ^ 

4 ( + l - S> + 5T3 t " “7 .V + &c -’ wUich is E “' 

let’s scries. 


Again, since 2«=tan.~ 1 let tan. a = ^ then 2a = tan. -1 

1 — tan. & o U 


2a c T because - = tan 1. 
4 4 
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a * * a , 2 tan. 2 a , . 120 „ «• » 

Again, 4 o = tan. 1 — — - = tan. -1 --7- .•. 4t» > T 
° ^ * 1 - tan.® 2a *119 4» 


Lot A = 4a, then tan, (A - 45) = v^-v— r-4- A - 45 = 

tan. A. 1 t * 


,tan.A~l 1 , „ , t 1 , 1 

tanr 1 .— v *= ^ tan.- 1 1 = 4 tan.“ J ^ - tpnr 1 and 


tan.A+1 239 



which is MuclnVs series. It is still more convergent than tftat of kfu- 
Jer. If we take 8 terms in the first row, and 3 in the second, we will 
iind the circumference of a circle 4o the diameter I, or the semi-circum- 
ference to the radius 1 ~ 3.1 '11592053589793 = w. 


(57.) Let y => 2 + xe v , it is required to ^expand y in terms of x , by 
Maclaurin’s Theorem. 


"When x =s 0, y = 1, > 


d/f , ( 5 / 

~ e* + .rev y_ 
aa? * rws 



<7 *// 

(7c 2 = “ 

"'I*' . 

(fj-) » 2c®, 

f 

(1 - re*) 2 

# *» 

\dz? ) . » * 

? 

In a 

similar manner it appears that 


04e 4 . 

• 

♦ V 

• 


y ps 1 + ex + 


2c 2 ** , 
1*2 


9s 3 & a 
1 . 2 “ 3 + 


64<2*rV 

ITsTITT'^ V ' 
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r< 

(58.) ^Expand ef cos. nx by Maclaurin’s Theorem. 

log. £ = ax H- log. ‘cos. nr ^ (a cos* n sin. nx) 

* 

" ' Lot tan. <p then a i (ns“ + n 2 ) 4 eos. p and n = (o“+ «*)* sin. p, 

« a • 

r 

Jl,/ r c 

— ^(a 3 + n a )UcoB. <p cos. w; - sin. <p sin. nx) ~ e** (a*+ n 9 ) 4 
dr 

cos. (?kT + f ) 

4 t 

^ (*L T\ — (<$ + «*)* cos. p. in a similar manner it appears that 
\iLvA t 

^ J ^z\ar -f- rrjcos. ¥ Jp f ^ ^ = (a 2 + COS- 3p, &e. = &C. 

e** cos. 57.7: =14- (a s + w fl )* cos. p j- + (a 2 + n 2 ) cos. 2 p — — + 

. ^ 

<tf 9 + n 2 / cos. 3f . j 2 ’ g + * * * 


Taylor’s Theorem. 

(30.) Lot z = /(it;) and s' = /(.r *4 #) then 

ds h <Px h 2 , A* i d*i /r 

* ” ~ "*7/71 + «ie* 1 72 7 3 1.2.3 + da? l7 iT. sTT + “• 

* < 1 

Before proceeding to tfie demonstration of this theorem, we must 
prove that if z /(.r), apd x be changed into x + 7*, We will have the 
samof differential coefficient, whether we regard x variable and h con- 
stant, or h variable and x constant. 

t 

' dz f 

For let z =s f(x) and z = /(* + A), then == p (x -f h) if # be 
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- ^ * 

variable and h constant, and ^ ~ $ (-/ *~j- A) if’ h be triable «and x 
constant. 

dr _ (h 
civ (Iff ’ 

Now let z =r f{x -f //) = : -f A A f I > 4 2 -|~ WA* -A &c. (lSg) where 
A, 11, A, &c. are unknown functions of x, which wc wish to determine. 
For this purpose Let us differentiate with respect to A, and we obtain 

<h „ — A 4- 2 BA + 3 CA a + Ac. 
tin 


Let us ditferoutiate with respect to ,/■, and* -- . - *r+ * 


</B 

</.(■ 


A a + Ac-. 


But <h ; ; f A + -2 BA + 30/.* + Ac. = '/ + ^ k + 

dA dr • dr, ax 


d\l 


h * + &<\ 


th d \ \ d~: 1 dll d 3 : \ * 

A "" dr’ H ~ 2 dr d., 2 1.2’ " ~~ :id.r ~ dr 3 l . 2.3 


*’■ * — /(■'’ + ^0 •=- ' r A + 
which is "ftiylor’s Theorem. 


d 2 ; fr , d*t A 3 
tit" ‘ d.r 2 T.2 r d> 1.2.3 + CC ‘’ 


This theorem may be written as follows !-*~ 

d d* * ft *• ’ d 3 A 3 

/(, + /,) =/M + A rc->* + £ ./w , . , + ,,/Hbj 

♦ • • 

+ See,, and separating the symbols of operating from that of qivmtity. 

/( „ + , () = (i + £ f -+ ,-+7^,. f/3 + &c -) ™ 
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f(jp + h) *=• ***/(&) by 4 the exponential theorem = E k f(x) if E 


*L 

$ djr' 


Laghmge writes this theorem in the following manner ; 

6 ' «■ /P „ K A 

/ (c + h) = f(.c) + f (jt) h + f" U) | ; 2 + / ’W j 75“ g - + 

■ r " (r) iVa:8T4 + * c - ; 

Jr 

& o 

r F/</c Theorir. lies Functions Anatythjue, page 18. 


Ex. (I.) Let y =4(>+ >0 S 


.r 3 , 


rfe 2 f/ a : 
’ dr “ 3 j .i’ tfj* 


2 cP- _ 8 

<i,r* ’ ( i jS ~ n/* 


> &c. — &e. 


, , . , 2 A 2 /P 8 /P 

.V — (.r + 7i)^ ~ 4 - - •; - + r — - - Ac. 

51 .»■* 9 3 - 1 . 1 . a 27 A 1.2. 1) 


5 /. , S A 1 A* , J A 4 \ 

~ * ( "*■ .*» j- 9 A + 81 a*/ 

that found by the IMhoimal Theorem*. 


&e.. which result coincides with 


. Ex. 2. Let s = siu, (r 4“ A) - — shi- a, - ■ ^ cos. ,r 

. • dr 


* •* 




■ =r - Sin. ~ - COS. X 

dr 2 • • dx z 7 dx* 


dh 

8in - *■ & = cos * 


* /(“ A 3 

lienee 2 ;= sin. 0*4 h)~ sin,.r-f- cos. rh- sin x ^ ^- e eos..r ; - 4 


1.2 


1 . 2.8 


A 4 , /< 5 ,, . „ v a* 

;r L 2 X 4 + C0S - 1 . 2 X 0 - * « n ^ T.2 + l" . 2 . 3 . 4 " - 
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ft* ft* , 

+ cos - T (* - '172 77 + 7771777* “ &«-) ««• {# -t *> 


sin. :r cos., A +■ cos. min. h sin. 4 -- h - 


/* 3 


+ 


*> 


1.2.3 1 l<2.3.4,f* 


&c ” and cos - A -= 1 " HT + i .'27371 : & . e - 


(60.) Let s' = log. (* + A) ••• * = log. *, ™ = 7 £' = ~ f* 


^ 2 d*. 

//..» r “ >’ f ir* “ 7 T* te ’-' u 


3»3 


. , , , . h !,* I? •?,* * 

log. (x + h) = log.,- + • - , 2> + a 3 - 4(4 4-jSfcc- ’ 


a scries which converges very hist if /> be small compared with r. It 
may be better adapted for calculation by the following process : — 
Let ,r =- 1, then log. (.r + h) log. ( 1 + h) = • 


/<“ It 3 it* 

0 + *~ V + T- T + &c - 


and log. (1 - ft) 0 - ft - ~ ^ - — - <&c. 


1 4 - h /i 3 * * A 5 A 7 

log. [-X-J - 2 (h + T + T + - 7 + Ac.) 


Let & — .. 

♦ o 




. then l -f h = ^ W and 1 *- 4 - .-r^TTi* * 

i m + 1 2 +1 2 m + 1* s 

• • * 


. 1 + h 


+ 1 

• m 


a nd # log. 


1 + A 



t?i “b I 


— log! (m + 1) 


h)g . m ^ 2 (7 


f 1 + 3 (2 m 4 1)* + 5 (2m 4- 1)* + &C- ) 
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Let m = 1 , 2, &€. successively, then 


log. 2 - 2 (» + 3 . 3 8 + 5 , 8 i + 773’ + f c ) 

t ' ' * 

log. 3 = log. 2+2 + § - ^ + r l 5 ,+ & c -)- l 


.0931472 


0986123 


log. 1 — - 2 log. 2 


*= 1.3802944 

(61.) Since if log-.*, ~ (27) log..* = 

log.,#, log., being a logl in a system whose base is a the log. of 
any number Cn that system is found by multiplying the Napierian log. 

of the number by , — ~ = M, which is called the modulus of the 

log., a 

system. But a in the common system = 10, and log. t 10=2.3025 K51 
1 • 

M = - - — =.434 2944 819. Hence the common log. of any num- 

* * 

beir is found by multiplying its Napierian log. by .434 2944 819. 


(62.) < liven f(x)f(h) = f(#+h) -f /(* find the form of /(+■). 
Let z = /(.i*), then 




* h dh h* dh A 3 

s i + i : 2 + d? iT*73 + 


(l*: 

7h* 


h* 

2: 


-+&c. 


&Tldyf:C- A)=£ 


1 dz h , A a , 
. (to 1 r dd 1 . 2 


^ J 8 , _A 4 

T . a 7 s + a* i . 2 . 3 ;’4 ~ &c ‘ 


• . « • 

if (h)-f(.C +//)+/(.('- hr=:2 

*r 


d*z Id dh Id 

</7 8 i 7‘2 + d.d ]74>. 3 . 4 




/r 

1 .2 


1 rf 4 * A 4 

^ : <7a 4 r aTiTTi 
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1 d*z 3 d'z 


Now since i x (ft) is independent of \ - -• j&c. 


1 (j^Z 

must be constant. Let - -r* = — «* 

r o/tr tfrr' 


S ^ ^ 9 

- a 2 *, ~ ~ - a* 
’ </x 4 • 


^ 2 ~ 4 II o/i a* b£ a 4 A 4 f 

- a ^ a*:. lienee / (ft) — 53 (1 — + j~ 


2 cos. aft, and /. f(x) = 2 cos. as and /(a? ± A) = 2 cos. (ax Hh aft). 
Poisson has founded his prdof of the composition of fosces on this theo* 
rem (ride Trait# de Mechanigue , tom , i. ». 153). 

• % I 


(f>3.) In Taylor’s theorem, the increment A* may bo t^ken*So small 
that any one term will be greater t&an the sum of all the«torms that 
succeed it. * * 


t , , dc f 

Let z ~ .c -j- " h 

ax 


<1*; /t a dh _ 

+ i . 2 + <fe* i . a . a 


/,» / - 

- + &c. ; then — r 


dz d*e h d a z 1? 

" dr + da? 1.2 + d., a 1 '.2.3 + ^ 


Now when A =■ 0, the right-hand side of this equation becoyies = 

dz , 

it is obvious, therefore, that A may be taken so smalHhat — •>. 

• 

(l*: h d*z h 2 

---- ; — 4- vv — — - + <&c. Multiplying both sides by ft and we 
tLr 1.2 * dr l . 2 . o 

i • <& , ^ c/!i ~ h* . <*** A 3 .. , - * * 

have -- A : 9 v — - + -y , *4* In a similar manner 

dx dx* 1.2 tfx 3 1.2.3 

it may bo proved that any other term is greater flian the sum of all the 
terms that succeed it. * 
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, , . Casas in which Taylor’s Theorem fails. 

,* , , 

? 

, (£4.£ In general, when ,/(<?;) contains a radical, / (as + A) will con- 
tainr the same radical, because x -f- A enters wherever so entered. Hut 
this will not always be the case when a particular value a is given to ,r. 

' * { 

Thus if / (x) a.t' a -j- b:c' 

f(x <f h) ^ a (.r + bf •+ b 0) + A)* 

Hut if/ (./•)’ = ax* + b (x - «/, then 

^ (* r + ■= a (* + Rf'+ & 0‘ + * - 

Let x* become == a, then /(.*?), „ -- a 3 and / (:r -f h) t „ a =. n 
+ A A' in this last case / (r + h) r „ u contains a radical which docs 

not enter into / (:r) r= - a . 

Again, let /(./•),.„ «• = (tan. rb-T then /(x-J- A), _ *■ ~ tan.^ + A^ 


=£ tan. 

(?- 

\2 

*) 

r - 

A 2 

1.2 

+ 1 

7/ 



*-rr: 

Tf + 

iT2 

2 4 s , 

c < 

A 7 


- - cot. h — 

h* 

. 2 . 3 . 4 
"A* ~ 


— &o. 


- *«. = -*-■+?+ + 


~ ■ ■ — - + c .,o "~ r £“-~=- + Therefore when x becomes '* me of 

H . O . i o" . « > . 7 - t «f 2 

the exponents of A is negative. In this case /(x) x - j is infinite. 

o <* 

Again, let ^ — - / (x) — ox 2 L & 0'’ ~ &r 


~ ^ ~b ^ (•'' — fl)* 
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4 (* - «) . 


••• Ct )-= 4 ?**©)•• 


It appears, therefore, that if, in the expansion of* /(*? 4 7/), vrtion a 
particular value is*given to */*, one of the exponents of A be negative, 
# or if h contain a radical which does not exist in the original function, 


some 


m 

’ of the quantities /(a*), ^ ^f) & CJ# a ^ e Infinite- | 


dr ’ dj* 

♦ 

To prove tliat this holds generally, let z = f(x\ tfien (z ) 3 .-„.= 

/(■r-t- A ),_<,==. A + l if* 4 <V( fl 4 « . . 4 RA*4 4 • * * Where it Ties 

4d* Al z\ 

between s and s 4 J, wc will prove that 18 ^ n ^ e - it 

dz dz d*z d^"' 

maybe proved, as in (59), that if s' ~/(x -f A), — = ^ 


//V 4V 

<b' x f/A a 


r/V </«y 
oU’ M ^ tfA* 


Therefore (/) j » — A 4 HA -j- I7i a + . • • • 4 RA* 4 SA* 4 • ■ • ■ 

^ y ^ ? n H 4 2 CA 4 . . . 4 A ‘ RA 4 ^ 4 • • * 

» 

(! ' 3 ) , - a«' 4 - . . . . #s-’l RA*~* + tr a~— 1 »S 4 '-* 4 - Ac.. 

V/--*/ * # 

1, A, (£>..•,= «, Q 


Making A 0 wo 

* * 

- which determines A, H, tic. • 


It appears also that 


(£)■- 


s $ - 1 . . . M . 2 . 1 K 4 ^ «r — 1 * , 
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-|- 1 r -* ( 

i v 

* <* * 

But <f < s + 1 .\ the exponent of A is negative, and ,\ 
oc when h = 0. It is obvious also that all the differential coefficients 



d'tli \ 


= <t 6^— 1 <7 — 2 . . . (f - 0 S h* • ' 


which follow 



* 


are infinite when A = 0. Taylor’s Theo- 


rem will therefore enable us to obtain the true expansion of /(.#* -f A), 
up to the term containing A*, after \\hich it. will fail. The process in 
such cases must be carried on by the Binomial Theorem or spine other 
algebraical method. * 


Ex, Bet z ==/(./■) ~ 2 W - .r c + as/.r?-a* 



<n? 3 : o <r> 2 

V.c 3 "* V/Ca* (.r 2 - 

«&c. r- &c. 

Making x ~~ Jtwehttvc./(«) -- a 3 y ( y-V then all the* 

v/ay 0 

differential coefficients which follow « are infinite, and the de- 
* 

velopment of/(.'' f h) d _ rt contains necessarily one term at least where 
4 has a fractional exponent. 


% In fact we iuwe, by substituting {.r + h), _ ft for x in/( / ), /(./• + jj) t 

= a 9 - A 2 t ~f « *^4 ^ 2 ^ ~ ft 3 - A 2 -f 2 4 a" 4 4 -f- 

4^ _ 4^ ‘ j, 0 6 4" . 

— ‘ - ci-c., which is the true expansion 

2 . 2 4 1 b . 2* r/* 04 . 2*« a* < * 

J t », 

found by the Binomial Theorem. 

For more ample information on the cases in which Taylor’s Theorem 
fails, vi(hs Lagrange’s t'alciil. des Fonctions, p. fit). 
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Examples on Expansion by Maclaunn’s Theory, Taylofs Theo- 
rem, <SLc- 

( 7 a 3 1 # .i * 

1*- k } ) ~ 1 + a? -+ + + &<*' 

• “ 9 J0 

* I 

" / / t ^ ^ ^ 7 

(2.) Piove that tari."" 1 - „ T + cU. 

' « a S ir «> #*• 7 *<r * 


(3.) Ptove tlfccil cos 

r , 9 1 . y>,} * 

- 1 ,.,+,-,.r4- fa 

• 

(4 ) Prove that e ,M 

. . < . /■* . 2 1"* % 

‘ 4 1 + J.2~ f '.l -i.A *"1.2. 

(> ) Piovt that jscc 

• * • 

^ 5 1* ft 

- 1 h j 2 1 .1 . 2 . : },± 4llc - . * 

h.) Ihove that il <j 

<i* i - 2* a* i* 

, tlien ^ - 1 + o» - j _ 2 + , -*■<.. 

{7 ) Plow tli At tot 

• 

1 . r* 1 x? > 7 

1 ( "a ".1^5 ~#.Z.7~ PP.7 “ 

(S ) Pio\e that tan 

• * * 

* tin. j 4 set, 3 a . ^ J- 4 2 sto J # > t<m. jr 

2 

h* 

y 1 2 M t “C 1 | J 

t in.* r) . # > f i.e. 

1 *4 • > « 

( l > ) IVnt that t in 

• • . 

! * k 2 i 

( 1 /()— Un ' T 1 + ) 2 ]-^ 1+J 4 )E 1.2+ 

;); 2 *1) // j 
(] 1 2 5 

tV.c* 

• » • 

( 1 0 ) l*i \ (. tliat < 

* .* * 

1 b * 4 * Ac C (1 } fif -h * # ( 2 1 

* • . 1 ~ 


6 fo be { b <t • . t . 

1 2 ,i ’ ' ^ lV ° 
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vanishing fractions. 


(65,)|If - assume the form when a particular value a is given 

to x, it is evident that eawli of the terms contains a factor of the form 
(x - a) w wfyere m is whole or fractional. 

* 

0 • 

r F (x) P(x - a) m V 

Let — 7 ^ = ( , — .. (.r - a) tn ~' n 

/w y (■>■-«)* y 

F(.«) V 

First, let m afid n he integers, then if m — - n. . , ' — w hen :r r. «. 

./ (x) y 

* ' 

^ ^ 0 when a* -- a, and il ut, < m, a t when 

< J W , J (4 


When m and n aao integers, the value of jrr '“ may be found by dii- 

^ jr- a 

ferentiation. 
t P (#) = P «r a)T 

* ‘ 

— — ^ ^*(x- a) w { ^y + m (x - a) m ~ 1 P 
dx ; <ic< * v 

< 

• • 

1?M « r/ a P • d\* — 

~ ~ = (# - «) w -^.s+2 m(x-a)* l - -f //< wa- 1 (ae~ a )**“** P 
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__</•£ # (a; - a)“ +JT (:b - nr“ + X" (.r- at)’—' 1 + . . . 

r/' f [x) C' |.r - ff)" + tV"*' 1 

</ /*' . 

+ m m -* 1 . . . w - r + 1 1* (.'c - fl'"* “ r 
+ «< w — f . , . « - /■ *f 1 Q (./* ~ «; M ~ * 

Lot (1) w r, m -n ?/, n.id ./* - a, tlu»u 
\ 

d m F .f 

“ 7/>" _ i» _ F (x) 

A 

Let (2) n — r, m > «, ;iud x =• w, then 
’d*F(x) *•» * 

o. 

// * y (a;) n n — 1 . . . « — n -f- 1 Q (,r -*a) w Q ^ 

~ " • * 

• » » 

Let (3) m r, wz c n, and x = a, then 


JiiWftM&5»TIAL CALCULUS. . ' \ V 

4 \ 

~ ® ( ir ~ a )“ + # (x - a)"-* 4- H- . 

,1 . * . 

* 

. . _ , ____ * 

m m — 1 * w - r + I P (.;• ■— 

♦ 

, * 

In a similar manner appears that 

* * 1 * 

= * («•'*- «y + -s' (* - «)"-■■ + (•'• 1 «r- a + • • • 


n w — 1 . . . /?, — r + 1 L) (,r - n*~ r 
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<hr % w ro*~ I •. . m - m + 1 I* „ 

bf( IT—-, o ~ 

# . (h» t 

• 

fGG.) Secondly, when the exponent of the factor x - « m either 
F (r)*or/(.i*) is fractional, *it is obvious that.it cannot be reduced to 
nothing by differentiation, and therefore the above rule is not appli- 
cable. 


For let F (r) c=*P(>- a) m , and let m be greater than k and less than 
l + 1, then f * 

? c ‘ 

( n p / . \ 

* , r =■ w (* - «)* + (•** - a)"~ 1 + . . - . + w w - l 

i 

w> - 4- + r r(/ - *)*-» 


f ,] - X M - «T + #/0 - «)"" 1 + )- »n m - 1 . . . 

dr 1 

«TT> !»(<* -«r\— *- J 


When x V- 
«'* * 




rf*F(») .. < , 

~rf? ”* 


(«) 

rAr* +1 ~ 


X . 


Let'us substitute / + h for ,r in the expansions for F (t) and/(r), 
then 


* • * 

• F (r) = r A“ f V> A* 5 4 H 1<V + R A“ j- ice. 
/(,) -V 1/ + Q'// + li A» -I- R A 5 + <U. 


wheic a, p, y, d>. 


as also c', /3', /, &c. arc arranged in ascending orders, then 

ft. « * 

t I 

V r* , Y , 

F (j) __ P fc«-« + QA®-“' + K A*-*_-j- RA _*_+ &c. 

7(7) ~ 7 7^-“ + it a^'-T-s' a 2 - « 7 &V 

• • 

First, let <* J a and h --r OJ then 


K(/) _ P . 
/(') ’ 
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Secondly, let « > a' and h s= 0, then 

p (*> _ 0 - A 

/(.r) " P- 1 ' 

Thirdly, let a < a! and h = 0, then 

F(.r) _ P 

/ O') “<»“*■ 

F (x) <* 

(67.) A fraction df the form - W, which* becomes sr when xpp® 
» 7A*) * 


may be made to assume the form 


0 


,, F ./•) 1 10, 

tor x ~ - - a when a* as a. 

/» f(r) a 0 

3 3^ , 

F (r ) a 

(68.) The expression F (x) /(»), which becomes .equal to 0 x 

0 


when j r = a, nmy also be converted into the form 

FVx) 0 0 t 

For F (x) /(/) - - , ~ -r ~ /k > when 0 sr a. 


1 " _ 1 _ O’ 

/ ( f) ♦ at 


(69.) A function of the form F(r) - /(x), which becomes — or - oc 
<> 

when rr a, may be reduced to the form 

' ». ' 

1 1 v — u' » 0 , 

For let F (ar) - / {*) ~ , - — rr~ = r., .when x= «. 

if f ^ 1 M f v 

i 

” • . . FO) ' a"-*" 0 , 

Ex. (1.) Find the value of = — - — () , when .r-<? 
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rfP («•) * . d /(*) , F (x) d¥(x) 

‘j*~* f* w «* 1 and — j — = - l ; =s — — «= na" 

ax * » dx J(x) • dx 

* r 

. » , * 

when a: j= &, 


J O') • 

<*/0) 
3* 


Ei. 2. Find the value 


F (*) _ a ll ? 0 

/(<p) “ * ' “ 0 


wheft x #=■ 0 


(ic fc K dx /(*) cte__ 

' . * </■ <a) 

log. a log. Ifss log. j when a' ^ 0. 


The same result may be obtained without differentiation, as follows. 
f Tlujw— 

A 2 x 2 

= 1 + A; + + &c. (2b) 

1.2 


A' 2 a J 


b* 1 -j*. A x *4“ t rt -j- <fec. 

1.2 


«*.- 6**r (A - A').r + (A 8 - 2 f Ac. 


l F(y) a*~6* 

4 «J3* - . . - - 

/(r) j- ^ 


(A - A') when x - 0 log. ft 


log. b (2<>», 


: log. - as before. 



a ,0 ^ * — .t 0 

log. a 0 


when a? = l. 
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log, a . (t Uw 


log. <&. a 1 **-**-* x zz* lo^i a -* 1 wteu 1. 


Ex. (4.) Find the value of * 25t£^J2t» ■ * H when r « 0. 

/(*) t> 06 . # - cos. 3 * f) , 

<tF(sc) . , ' rf/(x) 

BU *. » + 2 mu. a a?, - = - sin. sc + 3 siu. 3 m 


(PF(r) d 3 fix) 

— , \ 7 = - cos. O’ + 4 cos. 2 J, ' 


008 . * -y 9 CO b. 3 X 


<P ¥(») 

. ^ I 37 ) - cos - * + 4 cos. 2 a; 3 * 

' ’ fix) ~ d 2 /!*)' ~ -“cosTjc+*9 cos. 3x “ g Wbeu x “ °‘ 

' 7 b»"~ 


Ex. (5.) Find the value of ^ =» ^ when 6 s» 0. 

/(I/) wnr if 0 


i p « =3 „,. 


2 m sm. m d cos. m 4 


dm _ 


2 bin* 0 cob. 


f/ 9 FO?) ^/a /4 

-jp— = - COlJ - 3 nt -2 K bin.® m si, ^ = a cos.® d T $ sin. 51 </ 

rf® F(il) 

F {6) _ 2 m s cos.® mO -2 w® b in. s S 

■'' /(*) ~ rf*/(0) “ 2 cos, 2 i) - 2“sin*7f "* J wl "’ n J ~ °‘ 

* '**" 

* 

I 

(Vide ili/y/tf U adulatory Theory of Optics 7 .drfeftfe 84.) 


Ex. (0.) Find the value of _ a ^ ? when a- s= o. 


A*) (j > _ fl »)S 0 


Let r # -f- /i, then 
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, (<*-* «■)* = (2 ah + A*) } - (a ah)* (l + i fl + &c ') 

^ « « 

and (/ - « 3 ) 8 *= (3 a 3 h + 3 ah 1 + A *)* — t3 tt*A) j (* + 2 a + &e -) 


- 1 4- J — h &c ‘ 

' F(*) 0j> ) 8 (i + *J± *?:> ( t) * - 

*'* /(*) (3a»fcl ! (l -f 1 A+<U.) ' 3a/ 1 + 1 + Ac. 


vheA j a<4- A — (fV wl,eu /( - a 


FyAMlI.LS 1’OR I'llAOKT,. 

( 1 .) Find the value of * _ + 3 ,. wl,<ai ' *' A "’ 5 ' 3 


(2 ) Find tlie value of 3 ^ _ ■, 


wlu u 1 — 1. An*. . 


(3.) Find the value of ' ^ + ' a s Y> iieTl ' An ‘" 2tf 

( 1 .) ‘Find the value of '' I ~ ^ ^ b’ 


(5.) Find Iht value ot 


t,;n. , - su,. < wlu>n , ^ ‘ Ans. 


1 •• * j 1 

(6.1 Fihd the value of f - , - ]og i w,lCU ' ~ h * ,1S ‘ 


(7.) Find the value 


0 j ~ log. (l_+ 0 x o. An*. 1. 


(8.) Find the value of ~ 


when i — l. 


\llS. loft. 0^. 
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1 1 * 

(9.) Find the value of t - -t - - when * = 0. 

v y log. (1 + X) to* 

• » 

1 

* > An^ -r. 
* 

(10.) Find the value *of J2®; when x = 0. 

v log. tan. 2x •» 

• 

* * 

^Ans. 1. 

4 

♦ 

(11.) Find the value of when a*x JL 

• i- va*- a* . 

Ans.*± 1. 

(12.) Find the value of fi r tan.* a when x ** ao. * 

m 

Ana. a. 

* % 

(13.), Find the value of (bin. .r) 8 ** * when # s=* 0 . 

\ 

*Ans. 1. 

<* 

• » 

(14.) Find the value of (cot. j)* In •* when % sa 0 . 

* 

• Ana. 1. 

♦ 

V 

rj* >— <£ 

(15.) Find the value of tan.‘ - when # = 0 . 

ix 

An S . <. 

(1G.) Find the value of ^see vers. 2ru when £ =5 

% 

1. An.. 8 

(17.) Find the value of ** ^ 1 . ^ when rsl, 

^ cot i ~ ' > 

' . . 2* 
Ans. — . 

rr 

* 

c* - e sin r 

(18.) Find the value of — when x ^ 0 . 

, .r- blit, t 

Ans. 1. 

* • 

a 

jc" rf f 

(19.) Find the value of , tan. when x =s a. 

* u* 2a 

Ans. - 

$ $ * * 

(20.) Find the value of (cos. «u) <cw,ec £* >f when ar ==; 0. 

«» * 
Ana e^ 2 . 
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CHAPTER VI. . 

MAXIMA A # NJ> MINIMA OF FUNCTIONS OF ONE VAKIAB&E. 

(70() If a qdantftf first increase and then decrease, Its greatest value 
is calledLa maximum ; gnd if it first decrease and then increase, its 
least value i£ called a t&mimuui. r 

Thus, ih a circle, if an are increase from 0 to 90°, its sine will increase 
frdm 0 to radius, «and if thfc arc increase from 90 to 180°, the sine will 
diminish from radius to 0. The sine of 90° is therefore a maximum. 

Again, the line drawn from the focus of a parabola to the vertex is 
less than any other line drawn from the same point to the curve, it is 
therefore a rahumum. 

(71.) Let z =x /(#), and iet/(a) be greater than either fya + h) or 
} (a - h\ then f(a) is a maximum ; but if /(a) be less than either 
f(a -f h) Qt<f(a - A), f(a ) is a minimum. 


* (72.) When z =/(r) is a maximum or minimum, 


dz 

dx 



For / (x + A) -- z -f 


dz d 9 z 
dr ' + 7i* l . 2 


h* .*** 

' + dt? 1 . 2 . £ + & 


d 3 z lr 


«-= (l £>+ Jj, , 


2 


^ _ A8 __ 

Izf 1.2. 3 


+ &c. 


« 

♦ * * dz 

Out (fi3.) k may be taken so small that A will be greater than 

the sum of all the terms that follow it. Consequently f($ + A) is 
greater than /(a:), and f(a - A) is less than it. «*./(#) is neither a 

maximum nor minimum, unless ~~ A s» 0, that is es. 0. when/(a?) 



vixraMmtnjUi <s*tcnty$. 


"" ' 81 


,, . .. , d*i % . *d*i I* 

is a maximum or minimum /(r + ^ -f 

+ &o. .* * 

, .. , V tf** 8^ 

aud/( t - *> - * + s? or " 

f &c. *, ^ ' 

A® 

in this ease also h may bo taken so Small that ^ ^ — ~ wiH bo 
* * * 

({ A® 

greater than the sum of all the terms that follow It But as ^ ^ 


has the same sign in both developments, it follows that,if 

* 

tive, f(jr + A) and f(x - h) are both gmter'tban/^).* 
minimum ; but if be negative, f(x) is a Maximum. 


d*z . 

>' p° 81 - 

. \ / (of) ife <t 


(73*) If both — and ^ vanish in the dovek>pmer#s of f{x + A) 

&H * * 

and/(? - A), must also vanish, in order that J (x) may be ajmas^ 

% d* z *A 4 » „ 

mum 01 minimum Then taking A very small, , will be 

° dr 1 . "1 . .» 1 

gjcater than the sum of all the terms that follow it It apptvnis, there* 

* d*z . 

fore, that in this case /(r) will be a minimum whin - 4 is positive, 

and a maximum when it is negative* Ln geneial, if* the fir st co*effb 
cienj; which does not vanish be even, the function will |) e a minimum 
when its sign is positive, and a maximun? w^en ft is negative* 


(74.) If z be a maximum oi minimum, viz ft* also a maximum or 

minimum, m being any positive number, 

% * $ 

„„ * . . dz f h . k , 

For since z isa maximum or minimum, m 0 wi 7 « (>,mud 

<L St (*£ 


mz is a maximum or minimum 
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V ■ 

(75.) 4f i be a maximum or minimum, ** is also a maximum or 
ramdmrani. n being any positive integer, 

, *5 ” ‘ v , ^ 

/ 4 dz dz 

For sinfce z is a maximum or minituxiro* -r- = Q .\nz n ^ 1 ^ sb 0. 

» f> dx ax - 

*„ mod ^ is a maximum or minimum. 

i 1 * r f 

1 ... * 

(76.) If -c be a maximum, - is a minimum, and conversely. 

r t c * i ’ ' 

l & ay __ % &*_ i 

r* dr’ dx* cfe* 4S® <fo£ 


*1 du 

For let w = then — 

3 dx 

1 d*z 


./d*z 


d*u . 


* is a maximum. if — be negative, is po* 

X 1 a u 

I . 


sitive. /r when £ is a maximum, - is a minimum. 


(77.) If z be a^ maximum or minimum, log. z will generally be a 
maximum or minimum. 

„ . . . . dz l dz . 

For since z is a maximum or minimum, ~ 0, - --- = 0, and 

♦ dx z dx 1 

a 

log. z is a maximum or minimum, unless when z = 0, and % = a, in 

wbicb Vase - ~ becomes of the form « . 0 or which is indeterminate. 
< *<-dx * 0 ’ 


JEx. 1. Let? = a - (b - sr) ! 
<dz 


dx 

d*z 

dx\ 


2 (b - ,r) sr 0 x =z h 


- 3 when a? =s 6, £ is a maximum. < 
• 1 

1 1 


£ 

Ex. 2. *To divide a c inV> two such parts that the mth power of the 
one, multiplied by the nth power of the other, may bo a maximum. 

J$t w =» , tlie one part, then a ~ # = the other z W :r; m (a - a?)* 

"dz '* 1 ' ' j ' 

— • az‘m ,r",~ } (a ~ .*)* - w ir* (« - = 0 m(a - ai)-nxaO 
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m a d*z 


m m ~‘ n *~ l + ‘ 


m-f-n’ dx? ~~ 
tuted for x renders the function a maximum. * 


ijo 


(m + »r sr+is w ’ he , n 


Ex. 3. Let j ==; 


GW 


a 8 -(- a* 

tfe a (a 8 - g* ) 
<&: ~~ (a gT + ;r®)® 


= 0 j: a; + a 


,/** 1 1 * 
x c- ** when x = + a, and 7 _ «s - when x ■= - a 
dr 2 <r 17 cfr® 3 * 

w = -|- a renders the function a maximum, arid a ? = - /* i^nders it a 
minimum. <> 


Ex. 4. Let r ~r sin. r + C0R - ^ 


iir 

^ — cos. a? - sm. ,r =- 0 


\ sin, x = cu.;. x, and x = 45°. 


Again, 


<£r* 


1 I 

v' 2 V2 

maximum. 


sin. .r - cos. w = - sin, 45° - cos. 45° =r 

, • • 

» 5 

- ^2 jr ss 45° renders the function a 


Ex, 5. Let z = m sin. (x <- n) cos. r, 

* ~zr m cos. (x - a) cos. x - n$ sin. (a%~ a) sm/r -=• 0 


cos. (2 x - a) = 0 2 x * & %£. + ~ x ~ - 4- ^ 

2 y 4 

* > > 


. ( v a\ f Gf . w ^ / . fr a *r ,* «\ 

: mam. oo 9 . ^ + = ^ {««* 4 «*• a “ «*• T §) 
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« i v 

/ «■ 4 « » W » w* / : 1 

x (cos. T go«. £ - «n. ^*ui. -j - - (eos. a 2 + «m* - - sin. a) 

t 

.I,.' 

= ^ (1 - sin. a) a maximum, or * — 9 (1 +«sin. a) a minimum. 

? ' ■ 
t < 

Ex. 6. To inscribe the greatest rectangle ju a given ellipse— 

* < 

Let AE B H bh an ellipse, C its cen- 
tre, 4 B the transverse, and L M the con- 
jugate axis. t * 


Let ‘A Gsty CL'-sft, C D^a?, aud 

1 X 

BJ1 = y^licn >j- ~ y/a 3 - a*. 


$ 


M 


4 £ a V if / 

But the area of the rectangle ~ 4 l 1 1) . E 1) s= — ^ V a®- «® 

which will be a maximum when x \/ d 2 - j? is a maximum f74) 
dz 


• - £ - («* - ^)* - (a * !_* x , }i - ° ••• " = l V2 > when the are<> 


6f the rectangle is a maximum. 

* ^ 

Ex. 7. To determine an upright cone that has the greatest solidity 
with a given surface — 


Let B 1) -as r and A B = y. 

ft - v 


then Tsy == a y 




{ *« * 

But A ft* -T- A B® - BD s r y* - ^ 

„ * *<t /*® /a® - 2 <7 t.i*> 



/a® - ‘2 <7 t «r® \ ^ 1 , 3 , 0 

- ••' S = 3 ( J -- J # 

< • • 
whicji will be a maximum when ax 2 -2 r?* i?a maximum (74) and 

J | fl 

^ I ^ 




(75) -* - 2 a r- 8 tr r* =r 0 , 
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Ex. 8. To determine the greatest parabola that* can be formed by 
-cutting a given upright cone — t 1 » 



dz 

2 rj*- x 4, is a maximum (74)'and (7.7) /, w- « C r# 2 ~ 4 .r* = 0 

dx 

3 r 


Ex. 9. Let ,r =■ at * , find 2 when it is a maximum or mraimiTm? 


dz i/1 - log. x\ * _ 

(If ra: \ ~ 0 1 - ^=0, or log, a? 3= 1 *' = «, and 

• J 1 

^=3^* a maximum. , 


Ex. 10. Jo find a point in the straight line A I), at which sub- 
tends the greatest angle ; A B C being perpendicular to A 1). 


® 

When the angle is a maximum its 
tangent is a maximum. 

Let P bo the point A 
AI? A C=a; tan. BPCe 
tan. (A P C - A P B) =3 
tan. A PC - tan. A P B 
1 + tan. A P C tan. A Pl$ ~~ 


» 

* I 

) * 
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a b 
x * x 


1 


a b 


( a - b)x 
a b~^f 



ab + x 2 — 2 a? 8 = 0 x = V 


circle described ab^iit BPC will touch A D in P. 

(i 

Ex, 11. To fipd a point in the line joining the centres of two spheres, 
from which the greatest portion of spherical surface k visible. 


Let C D ~ a, 1) F = r, E D = x C E = a - x } A C = r'. 



x :r : : r : D L /. *D L = 


r V- 7* /* _ 

Uenco GL = r = - ~ - - /. 


a* x* 


the visible area of FOB 


2 cr r — — — , and of A H M = 2 cr r' the whole 

x a — x 


visible area = 2 err - — — + 2 cr r ,r ~^~ — — ^ , which will bo 

x a - .r 


r 3 ® * ?*' 3 d ~ 

a maximum when r* - - + r' 2 - - * is a maximum -1 — 

« a: a — x dx 


7* * _ r 3 

a? (a - .r) fl 

or* 


0 t* (a - vf r 3 x* rj (a - .r) — r'* * 


x = - 


i _|_ r '3 


I 
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Ex. 12. To determine the greatest ellipse that can bf ci$ from a 
given cone. , ** * 


Let A B 1) be the cone, and HOP the 
ellipse, AC DC i Z>, 0 N = x, and 
N P — y, then a ; b : : y : b - x y = 

a (b - x) BP 1 ’ 

b •’•“2“ =2 VBN9 + ^ pa = 


2\/( J 


+ •«•)* + j V * a; )“,.15 0 = 


1$ I* a " ( b + *) b 

a ’ L0 “ ~aF" ,A * “ a* ’ 



B li = l Ji N - ~ (b + .) E C = ~ (b - *)•=.- 0 F, 


— : F L ; : a : b F L = , and C L = b } and 110 = x, 

2 u 2 * 


0 0 = \/bx the area of the ellipse = 


<r v' ft x 


+ + W . 


(£* - a*) 2 , which will be a maximum when x 1 ( b a (b xf a? (b-xif)* 


is a maximum ^ . /f* (6 a (ft x) u + (& - ***) fl ) i + 5 ^ 

a./ 2 * 


(fc 2 (6 4- ;/■)» + rr (J - *) )~ * (2 6 s (6 + x) - 2 a 2 (6 - .r) ) = 0. 


• I 

» * 


... ft* (ft + + a fi (ft - ,*)* + x (2 ft 2 (ft + x) - %c? (b~x) ) = 0 

* 

* ♦. 

3 («* + ft s ) u« - 4 (V- 6 s ) for = - (a 2 +b s ) ft* 

• * * 

- 1 <“■ - *’> ,,, = . 

3 (a* + b ! ) 3 


« 
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. < l 4 (a® - 4 s ) ± b{a 4 - 14 a 2 4 s + &*)* 

, < ~ ' " 3'(5*+ 6») 


Which is possible When a 1 * + b* > 14 a 9 or a* + ^ >* 4 


or 


^ ^ ^ ^ j ^ 

« >^(2 + Vs)> or - = La. - A < ^ < ,267{) .\ A must bo 


f f < 

less than 81° 5'. * 


Examples ton Practice. 


(L) Let lr as ** . find the value of z when it is a maximuiiL- 

x n i 


Ans. x = e n . and z s=. - * 
ne 


(‘2.) Let * =. (a 2 + c 9 - 2 c,r)* + ir, find the value of z when it is 


a ibaxiinum or minimum. — Ans. x - ® 

2 C 


and z — - - 


a e t 2^ a 


2 c 


(3.) Let z _ ; 2 (a - j) 3 , find the value of z when it is a maximum. 

« c * « 

. 2 a 108 a 5 

Ans. x = 5 f «nd« = - 8l55f . 

i 

(4.) Let z =€ , find z when it is a maximum. — Ans. rr =a 

b * • 

* « 

and * = of . 


(5.) Let * ~ — , find z when it is a maximum or minimum.- 

v / log. .<■ 

Ans. x — e, and s — e a minimum. 
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4 


to# jj «• ** jf • 

(ti.) Let z =r~ a — \ tind £ when it is a rflaximara or mini- 
2*- a- + •*? * 

mum. — Ans. r xz % and z *= 4r a maximum. 

* . 3* 

(7.) Let z = un. x eos./z, find z when it Is a maximum orraialJrcta. 
— Ans. when > ~ 90®, z 0, a minimum, and when » — cos. -t * / /^ ) 
2 /- 

f ac * v 8 a maximum. 

9 


(8.) To inscribe the greatest rectangle in a gi^ en parabola. s 

(9.) To determine the dimensions of the lej&t isosceles tangle that 
can be descrSUd about a given cirdle. — Ans, The perpendicular alti- 
tude eih 1 . # 

» 

(10.) Through a given point within a given angle, to draw a straight 
line, so that the sum of the segments intercepted from the vertex of the 
angle shall be a minimum. 


(11.) Draw a tangent to an ellipse, so that the part of it intercepted 
between the axes produced, shall be a minimum. Let a and b be the 
aerai-axes, x the absciss of the point of contact, tire centre being the* 


origin; then a- = J -J f y =. 

^ a ~j- o 

£ent. * 



and u 


sat a + b = tan- 


» • 


4 


(12.) Let z - sin.** j sin." (a - r), then .r 


1 

2 



( H v— ^n. a ) ) when z is a maximum. * * » 

\n + m / / * i , \ 

$ 

(ID.) A circle and an ellipse have the same major axis, it ts required 
to compare the areas of the gieatest rectangles that can be inscribed in 
them. Let a and b be the major and minor semi-axe^ of the ellipse, 
then the rectangles are to one another as a : , 


(14.) If the semi-axes of an ellipse he 2 of fcjid ,r% it is required to 


p 
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find thoVal^e of 4 when the area of the ellipse is a minimum. Let e 

be the base of the Napiegen system of log., then .r =» -% 

% • • * 

• * 


(15.) Of all right cones having a given volulne, determine that whose 
suflS^co is a maximum. L^t a; = the height, y the radius of the base, 


and the vojmne, 


then ,t « 2 a, y 


-v i a ^d the area — 2 <r o' J . 
V2 
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- CHAPTER VTI. 

AFPEICATTOH OF TAYLOR’r THEOREM TO THl^ DEVELOPMENT OF 
FlT\i r nOJ«* OF TWO OR MORE VART ABLER. 

(78*) Given z ~-= ,f(r } y) to find / f(*r + //, v + t fr), where h and 
k are of an y magnitudes. „ 

* \ \ 

First, let sc become «r + A, and y remain constant, then z -* 

» * # 

<h (1** L$ (Pc' Jfi » « 

f(x+ *, V) =- f + (/ j * 4 , "2 + rf> j ra' .3 + ^ c ' <K) 

* * ? * 

But ^ “ /(', y) •*. ^ 3 , &c. are also functions uf r and //< 

Lot */ now become equal tofy + fr, then r must be replaced in f \) by 
, tiz , , <l 2 z I s , of 3 / F . , 

" + ^ "V* 1 ^ «V* 1 . 2 ."3 + C ‘ * 


* by * +rf. * k + rf«. * /* + </’. -f- , f-, + *e. 

tip ' f/, r A, ^ k fir 1 * 2 r fir 1 . 2.8 „ 




dy* 
d*z I s 


dtp 


f'j rf"v . f/“; A.* fi 4 r A 3 p 

r <#r + f/r <*/ ^ + <h ,// 1 . 2 + h At? \ . 2'. 8 + 


<Cr . d*i ^ AH dHl*_ * _J:*_ j.*,, 

** b y + f/ • , 7,0 z + / ■ rft .0 1 . a '^ 1 . 2 . 3 + 


fit t 

fj*Z * 


<¥ 


d? 

tf// s 


,/»j » ft"i d*z >l a d*z^ . , <l 

fir® ' fir^ <hj <h a <hf 1 .2 (fa^dy* 1*2.8 , 


&e. 


&c. &c. &c. 
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* “Jyh *» Im- *)~a - + f~ k + ^ * 8 + + ** 

c 

' +**+** w , so...?} +&Q 

+ rf* + + <& rfy* i ,3 + & 

t 

+ d ** *, + .**.*£+* 
+ ^ 1.2 ^ ,hj L? +& 


, A 8 , . 

+ fTO + &c * 


. , ■+ &C. 

which is'^Paylov's Theorem when Applied to the development of func- 
tions of twonn dependent variables, r and //. # 

4 « ’ * 

(70.) If we had supposed y to become // -f fc, while »r remained con- 
stant, then 

^ _ , dt 7 , P " , d*z P 

2 = f(j ' •" + l)s!, + ^ A : + <hi' i . 2 + df l .'aTl; + 

* 

' * 

d: <!’? f/®, > 

Substituting*.* 4 + /* for .r in :, ^ u , , &<\ we have 

• r 7* ,/*. 7,9 ,7a* 

^ i.2 + i .-2.7; + **' 


, <h . //»* < 2 V A 4 /’ . , 

+ dy 1 + ill) ill- U + <1;,7L* 1 2 - f ^ P ‘ 

< 

. < “ , dH l a d n x h*h 

'If i.2 + (If ’Jr 1 .2 ' + " &C * 

t 

* , f/9 * r ** , . 

1 + ^ t T2 . 3 + &c ‘ 


+ <&C, 
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Coe. Since the series must be equal, tiho coefficients (& tbe same 
powers aud combinations of h and k are equal ; hence T , 

* 

J*z __ d*z ' 

4 dy dx ~~ dx dy 

i % 

'dH _ fz 

dyih* ~~ dxhty 

&o» — <ke. 


/A 4 ”: 

dy m (h* 


f (o t f 

drdy* 


It appears therefore that the order of differenfiation is indifferent ; or 
that the diffej ential coefficient of z differentiated tn times wjtli respect 
to //, *and then n times with respect to x } is, equal to the differencial 
coefficient of c differentiated n times with respect to x*and then m times 
with respect to y. 


d*s 


d*z 


d*z 


(< 0 r 2 - ' Vs a d \ _ j 

dy dr dydtdt ~~ ’ dy dx ~~ ’ dedy ~~ dxUy dx 

dx • dr 


(W-) 


dz <Vz 


dh 


r , ", ' &c. are the differential coefficients . upon 

(u d i s dr x 

d 9 z 


dz d*z 

the hypothesis that » is the only* variable. and , " , , " <£c. 

* * dy dy*\dy s ’ 

arc those upon the hypothesis that y is the only variable. They are 

therofoie called pat tial diffej entied coefficients , and are usually included 

within bracket's, thus, and are partial epe^cicnts with 

» t 

respect to r and y respectively. di and a dy are the patttal 

differentials ot z with respect to x and y, •therefore dz — ♦ dx + 

will diffiermiial of 
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(81.) Ifpee represent the indeterminate magnitudes k and ft by 
and dy 1 \v& will have • 

*+(£-)<&• 

^ f # 

S /(i*z \ * (Pz /fpz \ 

<*> (*■)“’* + *<t, +(#)*■ 


(3 ) ft _ (■';; ) *• + » J;, *■ « + 3 * *> + 

« ■ * 

(<v 1 ,y - 


C- )*" + ’• *•’<* + ”v.tt 


(h n 2 thf 


d> n ~ 2 df + <fcc. 


which arc tha first, second, third, and nth total differentials of the 
function z = /(j*, y ). 

t 

* * The last formula (?i) lias been obtained by induction merely, and 
can only be assumed as true when a is an integer- but it may be de- 
monstrated by the method of separation of symbols, as follows : since 

dz = ^ ^ di f- dy; if n represent the index of operation 

on both sides, we have > t 

(Cs) 4 + (£)*)■-- 


1 . 2 






4 
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«; 


This theorem is therefore true whether n be wj^ole »r fractional, 
positive or negative. * * 1 . 


Ex. (1.) Lot 





« 

Ciuj lb? 

(.*+?)* 


/th \ at* tly 

vfy/ ' V 


Kut<L - Gl) ,h f (I) d,> 


aty th — a i - th/ 

(»*+ y) 1 


Lx. (’J ) Let - — log. 
log. { t - V> 2 - >/*) 


•f V ,9 _,/* 
-Tv' ^Tt,* 


log- {> t 2 - f) - 


(—) m i(y-v*) * 1 _ * 2 • 

W/ * -f V _Y‘ , -V ,»-)/* vV_ y s 

» 

/'L*\ _ _ y(i" - I/ 3 ) J _ y '/*)_' # *_a_r 

VV r+ v'I- r ~ ,/ r- ‘Sjr J -v 2 



2 f/-t 2 < cfy 

- 1/ J » #/ V y 2 

• * ■ 


2 y rfo — 2 i <fy 
if**/ 1 & ~ y- 


tnn. 


x 

,V 


Rx, (\J.) I^>t Z 
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(82.) Let u = /(.t, y, *) it is required t© find the development of 
v! = / (r + h, ( y z + 0 where and Z arc any magnitudes, 
whole or fractional, positive or negative. 

I^et z remain constant, while o and j) beqome t + h and y k re- 
spectively, then fir k, y k, x) ■= u -f- ^ ~h disc. 

^ . < \x <y 

r i 

Let z become z -f- /, then 





w = 

u **|** 

du 

dy 

+ 

d*u 

l + 

c 

fix 

~~ dor 

dz dx 

du 

du 

+ 

d»u 

1 + 

dy 

dy 

dz dy 

&c. 

= &c. 




~f(x + h 

» > 

+ 

e + 


<7?/: 


. dll du - . du . , „ 

+ - A-|“T~fc+T-Z-*f" &C. 

dy 1 dz ^ 

In a similar manner may functions of four or more variables be de- 
veloped. i « ( 

1 1 L 

("on. I^et li, Jc and Z become dx, dy, and dz, then 


du = & *> + © * + © *■ 
K. 

Ex. (1.) Let U ryz 
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du 


du 


da 




• * = W *.+ O + dr) * = 


Ex. ( 2 .) Let u s=a 


d y / 

t/z (h *-|- xz dy + xtf <k 

l 


\A« - -r + (i-.v)’+ (c - 


t then 


+ 7//? + dz* ~ 


For 8 -=r (<? - jr*) 8 (b-$ f -f-* (c* - *)* 


~ ^=r !t*(/|-js) 

ff.r 


^ 8 =5s 8u* (a - j‘) - ii* =s= 3 u 6 (ct- .r) a - w a . 

i/r* ax v 


In a similar manner it appears that 
* % 
d s u 
<W 


.‘l// 5 (/> — //)“- w* 


and ^ 8 -*i ;>n 5 (r - ^ ) e - w* 

fn 


•:• S' + S' + S' = 5 "° < (a - ?r + <. 6 - •" W -*>•)- 3 “ 3 , 

a * * 

3k 3 - 3 « 3 — 0 , 


(83.) Let /=»/(*,//) = 0 be an implicit function ef x and y, then 
k' 

d*r ' Vy/ 


w 

s — - 4- A 4 . (;*•) it 4- &e. But * = 0 whatever the values 
1 \<kcf Vv' . 
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of jc and ;/ a|e» — £ = 0, f ami A + & + &C. ^ 

c ^ 

f 

Let /< and £ become ete and rfy, then ds + ^ rfy^ 0 ; 

'«■*(*) + OS^ 

« v ( 

(#4.) Let r be any function of #r and >/, / (?») any function of r* then 


d 

<U 




r* 


For lfet u be Mich a fv net ion of v that *(- 
* , av 


■ /()’), then ~ 



f 7 c/i/ £&’ (1 /du ih \ 

<i/ r//’ ffy r/y \dt'' dj / 
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CHAPTER VITJ. 

» » * 

DEVELOPMENT *OT FUN< rtONS BY LAOR ANQE’S "THEOREM AND 
L\PL AC^S THEOREM. 


(85.) Let yi: 8 f when .r and s are independent of each 

other, and u =* / ( //), then * § 


u 

J (*) + 9 (0 

<*/(*) 

th 

tl* 1 


r 1 

</:* \ 

, fU " * ). 

. 2 . .5 


M (-«■.)/■ T);:*+ 


+ A.e. 

For // ~ : + * p{t/) 


d,/ ^ * or + , ,iyp ( ' ;) i* ■ ,hl p (,/ > ’ ( ,; 

<0 * W/ ^ ch d, l — i df (if) * * 


<0 d <p(n) di/ di£ i * dt/ 

dz + ' d„ ,h - th - rfe(*j •' * W </ 


2 ■* w 2 w 


Lul « -/(//>; * 

... * = = ^ = * ( „) ^ 
</» </// d, f ” d/i dz fU, d; 
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< **{, 1 . . * r, j ; ■; ' * 



<r < 

Therefore, if the assumed value of — be true for any value of w, it 


is also true for n + 1. But it is true for J, 2, 3, 4, &e. ; it is true 
for n y and consequently universally true. 

Lot x ™ f>, then y zsr z 4- - r <P (jj) =-= f (//) ~ £ ($). 


« =Ay) = '5.;-, dJ < t ) ) 


+ (!:'*) i . a'.V» + ^ •'• /(?/) = ^ I + 


- tev **&\ ’■'* + - rfl 

(7? v' <fc 7 1 , a , + d~ 




<h ) 3,2 




ti- 
de 


» — i / ~ \ tt d f (r)\ c M 

*^7 ~f g / 1.2 75 T.. n ^ &c *’ wltieli is Lagrange 1 1 

Theorem , who has expressed it in the following form, 
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JC 2 * j 8 ^ 

ft) = /* + if* ft + •/ 2 (/' * f<y + ~ ■ g (/' z^r 

' 1 * 

“f“ &C. * ii « * < 

** K/c?c Theorie des Fonctiom . , page 149. 

• * 

Example (1.) Let 1 — /) + ay ;= 0 * find the value of //* by La- 
grange's Theorem. ® * • 

• * 

* = 1* ® — <*> P (y) = ,»/, and/(<r) =. z i — I. 

* , 

1 „ > 

« u) df (?) = I ** = 1 . d tey l/<*)\ = , i • «, 

^ ' dz 2 2 J cte v " ds ) 2 2 , 

Sr (»» T ) - 1 - i - - £■ (* i > d -f) =• H£- T 

'•»* = '+■'«+ »■ + ' 2 . s ; 1 5 «• + ^ m 7 «■ + 


2 5 . 3 . 4 


1 + £ " + « «* + Ui (>3 + its " 4 + * c - 


125 1 


Ex. (a.) Let 1 - y +' ay = 0 ; find log. y by Lagrange's 1 Theo- 
rem. 

» 

• /(*) ==■ log. ~ 
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differential calculus. 


ft 4 

d» 


7 ))K ( ~ y?) = 1 . 2 . 3 . 4 


* &e. 


&c. 


n a ,/' a 3 «* , « 5 , A „ 
... log. H = a + -- + y + T + J, + ^ 


Ex. (8.) Let w + <! sin u ; find u in terras df ,0 by Lagrange s 
Theorem. 


a = £ - c »in. u 

Vw =\ 


sin. 0, ^ = 


f (*> m & sin - * 


d- 


I'])-’ 2 sin. 0 cos. 0 =■ sin. 2 <? 

dd / 


p(0))» = b s^. d - D sin. 3 0 = 


3 2 sin. 3 0 - 3 sin. d 


&e. &c. 


&c. <Le. 


“ 2 2 


c c 2 c :i 3 2 sin. 8 8 sin. d 

« = 4 - Y sin * l1 + 1~2 shl * 2 * ~ 172.3 ~ 

< • f 

+ &c. 


8 . c 3 

Ex. (4.) Let =• (0— B) — 2e sin. (0-B) + - « a sin.2 (tf-B)-y 

sin. 3 (d- B‘, to find ^ — It the tine anomaly of a planet in terms of nt, 
the mean anomaly as far hs c 3 , c being a small fraction. 
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p (z) — % sin. z - siti. 2z + '* sin. 3c, , 

* ■ l 

9 (*))* = (2 sin. c*- sin. 2c) 3 — 2-2 cos. 2z - ~ cos. c-f-^ycos. 3c< 


(%> y j r , , rt 3e . 9^ . n 

-v; (?C0) ) = 4 sill. 2c + sin. — sin. 3c. 


<p(c)) z = 8 sin. 3 c ~ 6 sin. c — 2 sin. 3c. 

# 

d* — — * 

^;-a (p (*) r) ■= - *3 sin. c + 18 sin. 3c* J 


\ ^ 


3 e * ^ ^ 

•'• y = - + (- sin. s - '-•- sin. 2z -f - sin. 3*-) - 

4 6 * J 


.... ^ . oc , »e . .. . <r . „ . tr 

-r (4 sin. 2c + — sin. c - y sin. 3c) ~ + (18 sin. 3c- 6 sm. c) 

-- : + ^2e - ^ sin. c + ^ sin. 2c + e 3 sin. 3c + &c. 


( gS\ f )e 2 * 

2e — - ) siii. nl -f- sin. 2 pt + v~ e a siti. 3 nl 
4 / 4 I 

-j- Sec, 

Vide Airy's Physical Astronomy, page J 1 . 


m m - 1 


t* - 


Ex. (5.) Let l -f ay — 0, then y"* 1 = 1 -??i« + fc y a 

i * " 


m m - 1 vi - 2 ,, , . 

i 2 v ° + &c - . 

* 

$ * € sin. 2 @ 

Ex. (6.) Let d — u + e sin. u, then sin. u *s= sin. & - - - — + 

j. * j 

e° • • 

------ — -y (3 sin. 3 <? - sin. tf) - &e. 

Ex. (7.) Let ry - y + a = 0, find the value of y 9 by Lagrange’s 
Theorem. 


K 
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Ex. (8.) Let y -f-.a? log. ?/, findy in terms of x by Lagrange’s 
Theoiein. ( 

* / 

n** * • • * i - 

(86.) I^ct ^ (c + X( P (y) ) where ax and / are independent quan- 

tities it is required to expand u = /(y) in a series of ascending powers 
of x . 

* * < 

Since y = 4 (* + 57 POO )» 

d* = ^ + x(f ^ ) * x<p ' ^ !l)’ 

, f' r f 

■jf =, V (* + r f>{y ) ) ( 1 + '^GO--) ; 

c 

••• ^ (l -*?'('/) 4'(* + zpCv) ) = 4'(‘ + ■'■ ?(;'/)) 9(y), 

and % ^ ~ X<P ' ^ ^ + ) = 4' (- + ; 


dy 
V efcr 



and as this is of the same form as in the demon- 


stration of Lagrange’s Theorem, it follows that 
* 

« * 



Let x = 0 in the equation y = *\J/ (* + x 9 0/))i then// = p(y) 


= p(4 4)). « = /W =/(4(0) and ~ we have 

. •* < 

CC . 

as in (85) Jin) =/(4(^ ) t + t (4 4) ) ~ y + 


r//(^))jp s _ + * 



*f (+(*)) & , 

/Jn * 


&c., | n 


being = J . 2 . 3 which is Laplace? $ Theorem. 
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Example (1.) Let y ~ log. (~ + * flfc- y\ expand 0 terns of x 1 
by Laplace’s Theorem. 


h. y\ exp 
•• \ 


/(.»/) = «*, 4- (*) = log- *,.?> (4 (*) ) = *'*■ log- *- 


/(4W) » « “*' = *, 9 <4 (*)) 


dA±(A 0 

dz 


= ^sin.Jog. ;. , 


(4 (*)))* ^,--^=-2 sin. (log.;) cos. (log. z) ^ = sin.(Iog.; B ) i 

; (fr+is' =^: ? - 

• • » # * 

- sin. (log. ;) cos. (log. ;)) = (g _ 9 s i n . (log. *) 

% 

- 2 sin. (log. : 3 ) + 3 sin. (log. «*)). 

. . „ , x , sin. (log. s 5 ) a 4 * , • 

e* ~ e + «n- (log. 2) j H j ~ 2 + 

f — ^ (« - ft sin. (log. ;) - 2 sin. (log. «*) + ? sin. (log. ; 8 )) ^ 
+ &c. 


Ex. (^.) Let y = e‘ + * 008 *, expand 3/ in terras of x by Laplace’s 
Theorem. 

. • * 

/ 0) - ,V. and 4- (2) =!= e‘ .-. /(4 (*)) = e% <p (;) = cos. z. 
f> ( 4- (*)) = «* cos. e‘. t 


J- (f (4 (;)))* — e ‘ oos - * (cos. e 8 - 2 sin. . «*). 
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^ 2 (^ t ( ~ e * cos.e' (cos. 2 c* — 9 e* cos. c* sin.e* -f- 


c + 9 r a $in. 2 c 


( /J* Q*" 

•.-. ^6' + ^ cos. e* j + c'*fcos, c* (cos. e* - 2 sin. e\ <f) r~ 
1 ! « 


+ c* cos. 6 s (cos. 2 e z -' 9 c* sin. c* cos. e' + 9 c 21 sin. 2 c* r 3 e St ) -.---f & c * 
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CHAPTER IX. 


CHANGE OF THE INDEPENDENT VARIABLE. 


(87.) The differential coefficients ^ &c. °k~ 

tainod upon the hypothesis that x is the independent variable, it is re- 
quired to find their values when //‘becomes the independent variable. 

When x becomes x + h, let y become y + A:, then, since y =- /(a?), 

d*j , d 2 t/ h 2 (Py * h* . 0 

k = ^c h + di* 1 . 2 + dr* i: 273 + &C ' ( > # 

* * • 

Rut since y ~f(x\ te — 1 (,y) 

<7./: A’ 2 , tf 3 .r A 3 

• = Tiff + df iTa + ( >7 V '1.2.3 + &c - *’ 


Substituting this value of h in (1), we have 
* 

dy /(lx d 2 x k' £ d z x k 3 

k ““ V>yJ /J + If 1 . 2 + df *i :T. 


chf /(lx . d 2 x k' £ d 9 x Jc 3 . s \ 

' “ afe U; * + tfy 2 i . 2 + d/.iTlFTa + & ^7 

* 

1 d*u ,dj? dx <Px \ 

+ i . 2 di a U/ 3 + if k + c 7 


+ iTO dS Of l * + &c- ) 


+ &C. 
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__ df dx . | /dy d 2 x | cl 2 y doer \ i 2 

“ dr' k + Ufc d/ # + dr 2 dy 9 ) 1 .2 + 

* (d 3 x/ly f dx <t 9 y d a .c d z y dr? \ P 

+ \ dy 8 ti + 3 di/ dr? df ' ~tlr? dip)Ti 273 + 

« ' * 

Therefore equating the coefficients of Mke powers of k, 

* « ^ * dy dx dy 1 

4 dr d// * * dx dr’ r ' 

dy 

, dy ^ ?c , c? ®y dx 1 d 2 y dip 

"dx (If + dip df ~ d?““ trf' 

dif 

c 

, d 3 x dy * dx d s y d 2 x d 3 y dot? 

dy 3 dx * dy dx 9 dip dx? dip ~~ ? 


d z x dx / d 2 ,t\ 2 d*y dx** ___ 
dip dy * \dip ) dx^ dy G 

/d<V\* _ dx d 3 x 
(1 3 y __ ‘ \ d>/ 2 / d?/ dy 3 

ihp 


The&e results may be deduced from Cor. of (23), for 

dy * 1 

dx dx 
• dy 



v © 
d Vl\ _ jt 

c d:^ I dt? I d r 

dy f dy 



d 9 x 

dtf 

dx 3 ' 

dip 


t 

d 2 / 


d 9 x 

A d | 

~ dip 

1 d 

dp 

1-8 

II 

1% 

dx 2 

dx dy 

dx? 


dy B i 

dy 

& 


c 


(I 
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« 

'di? /dVv* dx 3 d a x 0 /d a .r\ 2 “ dx d\ 

dx dip \ dtp ) dip dip _ ° \ dip) "1 dij dip • 

dy dx 6 ~~ J rA 6 w * 


Example ( t.) Change ( \~ - ^ ^ into* a formula wkere 

% dx dx? dx? 

y is the independent variable 

* d\e 

i J X _Ju*_ 

dx do? ~~ dt 3 ’ 

<)?/ 8 $/ 3 

</;r* __ f .d 2x . # 

<7>/* ^ djy® ’ 

r/*/ r/./~ ' 

''■ r diP + dip ~ ’ 

Ex. (2.) Change the expression for the radius of curvature £ = 


( u^y 

\ ' dr 3 / 

-- — ~ - -- into one where // is the independent variable* 

dx? 


€ 



/ 1 IS 


M+e - 

( d.r?\ 

* < 

K 1 + iif) 

i 

i 

■P 

j^S 

j 

• U *J- ’ • 

* & 

<¥ . 

dx? , 


dy 9 

• 


• * 


Ex. (3.) 


Change the formula 


d 7/ 
r/.r 2 


where ?/ is the independent variable. 







= 0, into one 
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«[V _ *f£ , _ d * c _ 7 . _£ o- 

<fo* A* 4 , dx 3 dy 1 d.rx d.r 3 ’ 

\ I " 


dJ 1 dy 2 dtf 

dy s < 


yv + ^ ^ - e = o. 

dtf dy 


(88.) Let x and y be functions of a ilurd quantity d, it is required to 

d yi ‘y / dr dy d-.c d-y 

, 1 A ’ ^ C- > 111 tClln6 °* /?;)> 7«» .7;)- ’ ,/«s > <fec ’ 


eX * reSS rf?r7.r 

i' 


(Zcl ’ <0 ’ (ft) 1 ' ’ eft* 3 

Let 0 become 0 -f“ f t m ; then .r and y will become x -f- h and y + l\ 
< 

. "V , ^ 7/ nr' , (/ ; V m 3 (1 , 

•’’ * = rfj #it + ^ 1.2 + ^1.2.;i + ^ C - * (I) 


. _ _ dr - d*x nr dir nr 

And h + ; 3 t dfi J ; 273 + C ’ • (2) 


Again, x and y are functions of the same quantity <J, they aic there' 
fore functions of each other ; therefore when x becomes x + ft, y be- 
comes y -| k. 

, ■ i - d JL ) la. rf “ v h ' m <?3 ' / "!_ , a 

‘ ’ *7 rf.r ' + tf> 1 .'2 + /r 3 172 . ;$ + ^ 

Substitute for h its value in (2^, we have 

k 


, c/y /r/t: d 2 j -w? dir nd 

c ^ tix ( 


d<k w * + 1 . 2 + <A 3 1 . 2 . 3 + &C ') 


n * 

1 cf-v /dx? dx die \ 

+ -* 7 * ( . 7 , m 2 + - m 3 + &c. 

2 tftr \cft) 2 di) dt)~ ) 


1 dhj id# 3 , v 

+ 0 *? W + &c -) 


-f <£c. 
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— d v - r m , pl'L d ' J , r**y <&** w 2 , . 

c&i dO , \d> cM J ' (h* dlt* /l . 2 , 

* * 

, /'fy <**? ., rf s // <// (f-r r/*y »n 8 i „ 

+ Ur dP + di* dO dP + dx* dip) 1 .2.3 + *** 

Equating the coeflkieqjts of like powers of wi wo have 


<1% dy (h 4 !j 
dO ~ (/< dO 9 dt 


d*y dif d s d if d>* 


dO u dj di) 


ih - dO* 


d *y * difod*! 
dO 2 ~ r/i ( /tf» 


f/r f/ J // dud 2 i 

dO d 0 ~ dO dO 

dP 
dP 


In like maunei it apj tais that 

da dU/ pdi d*i d 2 t/ ^ ^ dy /t/ 2 r\ ? , dr % dy d z r 

\ dO* ) 


(/> _ d) d 1 
dr* ~ 


4-3 

e /4 <#* r/i)- ^ dO 


dO dO dP 


These results might have boni deduced fioin (23) loi 


dy dy (U dt) (0 

dO ~ di dO \lt r dr' 


dh, _ (l dO 
dr 2 ” dr I dt 


dy r 1 di d 2 y dy d 2 x 
1 d dO _ do do ^ dO do 8 

dr d& dr dt z 

dO \d 0 


and on 
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d*y 


BetAkpi® (1.) TAnsfopn — - 

• f •(*+(!)')' 


into a function where s is 


da * 


d s y dx # tf 3 # 

d*y ds* ds ds* ds , , dy 9 

*■•= — ^r» »" dl +.s- r 1 + 

<&* 

me*. > ' 


*■/_ .l..; 

[<•' V ’ dxr ) i di* 


d s y 

dr* 


d, 

ds* 


ils 3 


(-+;r.) ! 





<fe®‘ 






ds 


ds*~ 

dx* 


dx* " 

ds* 



d*y 

<7z? 

r/ 3 r rf?/ 

ds* 


ofe’ 


t dy 

dx ~ V 

Ex. (2.) Transform p = into a function of rand 0, having 

. ('+2)‘ 

• f* f T • 

given ,r = r cos. 0, and y = r sm. 0. 

' Considering r a function of 0, we hove by differentiation 


dx dr - * * ( ty 

-=r = -.r cos. 0 — r sin, 0,ana - = 

dO dO dO 


dr 

dO 


sin. 0 -J- r cos. 0 ; 


t rife 
cfy c?0 

♦*. & , = -~r- 

<&? • 


r sin. 0 eos.^ -) r 2 cos. 2 0 


dr 


x dy 

- -2/== 


* dr 


cos. 0 — r sin. 0 


dx 


dr 

dO 


cos. 0~ rain J 


dy 

i dx d?r 
dO 


‘ Afr* \* 

Sin. 0 + r cos. 0 ... ( -rr- + r 2 J 

+ ^ \<^ 2 ' 

cos, 0 - r sin. 0 


Ag«m x = ^ 7 ••( 1 + 


rft- 




cos. 0 - rein. 0 




mrFBnnia|AX qALcxjrnps. 

’■ ’"«* 

a-d^ 

* 


<h ~ y 

* r 2 


"W%)‘ 




(t + i*y '• 

* i T # „ « , , 

Ex. (3.) Transform ^ — mto a function where 0 is the 

* cfe 2 • 


independent variable, having given x *ss r cos. 0 and y « r sin. 0, 

* • _ 


We have -?* — ^ cos. 0 - r sin 0, =» &in.*0 + r coV0; 

dO dO <*# dO ^ 


• * ( « \ <h } 

* <*0 Sin 0 + roos.0 ^ , (^+^j 

■■■ v x+ ^J * 7 d;-—~~' 


dr 

di 

dd d) 


dO 

d *x 
dP 

a* if 


cos. 0 - 7 sin. 0 


/dr* A . A 
(^cosJ-rsuU) 


»= - r cos. 4-2 sin. t + co*i. tf ^ ;• 


dr . „ dV 

,U> -= ~ 1 sm. () + 2cob. t> d6 + ^.t- 


dt/ d*i dr d*tf 
d$ dO* dO _dt^ 

dx 3 ~ ~ 

dO 3 


dr 

dO 1 


/ 9 + 2 - r 


Val 


d*r) 

dip 

d! , . X f 

- cob. t — <r bin 0 ) 
dt / 


•* ? “ d a i/' ~ „ . d) 1 . ~dh ' 


cZV 

tir 


r* 4- 2 ... -! 
i • d 0** 


# d0^ 


(89.) Let u =./(*, y), *=?(», 4), and y = ^ (r, 0), it is requii cd 

to express ~ in terms of the variables r and 0. 
r de dy 



u 



DlFl 

’R"RENTI 

A| CAnctu,tj*. 



du 

dr 

+ 

dw 

dy 

0) 

Sfn 

• 

dr 


dr 


( 

du 

dir 

+ 

d« 

dy 

(2) 

</7 

""" dr 

d0 

dy 

dT 9 


Multiply (1) by c ^ and (2) by and sub ta act (2) from <J1), and we 


dr 


have 


dv /dx dy dy dx\ ^ du dy du dy 
dx \dn dO ~ dr do) ~~ dr dO ~ dO dr 7 

i 

4 \ 

f du dy du dy 

* du dr dO dO dr 

dx • dx dy dy dx 

dr dO dr dO 


Again, multiply (1) by and (2) by and subtract (2) from (1), 
ctv dr 

and we have 4 

* * i 

« du A± 

dy \dr cU dO dr) dr dO dO dr 1 


du 


% 

dx 



<» 

~ dO 

dr/ 


du 

dx 

dw 

dx 

dr 

dO 

dO 

dr 

cb 

dy 

dx 

V 

jdr 

46 “ 

dO 

dr 


ExAMPiiF (1.) Transpose cr + y — ^ having given x~r co& 6, 


dx * 

y ts; r sin, 0, and therefore .a; 9 '+ y 2 = t* 2 , tan. aat cos. 0, 

9 7 a? ar 



But 
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dll dy dH dy d R . * d R , 

d r v*«- d* dr dfWr-ar"** 


dx 


dx dy 
dr di) 


~dij dx 
dr d& 


r cos. 2 & + r sin* 2 £ 

* » 


sfc 


<7R 

r COS. 0 
dr 


d ft aim 9 * . d R 

V — • '* s "“ *- = 


ofo rfR dr 
dr d$ dd dr 
dx dy *y/ dy dx 
dr d$ *dr <M 


dll . A J rfR 
~ r sm. 0 + cob. r 
dr dti 

r cos* + r sin. 

<1 \X 


d K , A t dll cos! 9 
«= *7 amJ+ v. — . 
dr d& a 


j d K ?/c? 11 

dr + 'dy~ 
A 


d> * 


Ex. (2.) Transform J ^ J* ;s=Owhen^ + 0 3 + * a& ^ 


We have ^ -- - , 
dr r 


dx* 

dr 


* 7/ and - 
/• dr 


. _ </<T </$<// 

Also d- _ <// d£ 


<7p:r d 2 p ^d 2 p dr x 
dr i '' dj* 


dp 1 

<&■* 7’ t/r f 


eZp / c/r 
1 dr r* dx 


d s p 
t h* r 


i + d * 


dp n _ x 2 \ 

Jr \r / J / 


In a similar manner it 


, d 2 p d 2 t>y 2 , dp /l if\ A d 2 

appears that . = ^ /S + ^ ^ - ; , 3 j and £ 


rf*p 


“ dr® 


d 2 ©** , 

- x + 


dp /I z* \ 

‘dr V - / 5 /' 

d 2 p d 2 p d 2 p _ d s p 5S dp _ ^ 

dt 2 ' d^ 2 » dr 2 r dr 

♦ 

Ex, (3.) Transform the double integral c* 2 ** 3 ^ into one 
where r and 9 are the independent variables, having given x^r cos* 0 y 
and y ^ r sin, 9. 



8o : 


cbo 


Siui^ ic = r tips. 6 and y = r sin, # a as® + / m r*, and == cos.0, 




zz - r dr d&, and consequently J'f ^ Jrvi <&c % = “J*/* r ^ r ^* 


Examples for Practice. 


(1.) If 2/ ™f + 2 = y, where x is the independent variable, 

<T &X CtX~‘ 

' t * . \ 

^ 2 ■jy r/r 3 ^ , ( 

then will ?/ ~ + y ^ = 2 where t y is the independent variable. 


(‘J.) If x <*— ~ ~ + a* = 0, where a? is the independent 
cue &x ■ ctx 

t ‘ 1 

Variable, then will x ~ x where y is the independent 

* <¥ dy* dy * t , 

variable. 




a, where i/ is the independent variable, 


then will ^ ‘+ t ^=z ^ (c* + e’“ 3 '}, where a: is the independent vari- 
dx 2 

. * < * <, 

able, and e* = y -f (1 -fty 2 )*, « 


d% S' 

(4.) If + to 2 * 0, where # is the independent variable, then 
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* 

(5.) If ® ** =» 0, then *3 0, wfcen «= foos. ^ aiidy =* 

r sin* L 


w “S- I=ii + *-**.- 3 * + » - »• 

when 0 cr eoa # ^ar, »* / 

. . *<• 

. <*o v % f + d £~°’ ih ™-2 + l d I = °> when ^ ^ 


® tfy , y * xi*- _n, ^‘y 


rfr 2 r dr 


r» 


(8.) Transform^/* /* 'r*~ 1 #*~ x cfo efy into a Rouble integral, 
w and v are the independent variable^, having given w -f* *y == w, and 
= uv, — Ans. //*-> y n ~ l dxdy ~*ff + ^ — 1 (x - v)™* 1 
~ 1 du dv. 
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DIFFERENTIAL CALCULUS. 

C 


CHATTER X. 

MAXIMA AND MINIMA OF Tl N< TIONS Or TWO Oft MORE 
VARIABLE*. 

< 

. Let v = / (/, y), anil u -- f(r + A, V + &)> then 

9 

, , . rf 2 " /' a * c 

»/ w »f h + 4 <Ve. 

a r 1.2 


.du d-u , 

•4- £ -f- , » ^ » "f" Ac. 

r/y ay cL 

‘ , ^ *• , , 

+ rf/ li. 2 + ^ 


t 

Let k == m h, then 

, (du du \ A® (d*u d*u d*u A 

‘ “ = “ + h \dl + dy m ) + 1 W + 2 rte <v m + cfrf "*) 

+ terms in A 9 , A 4 , Ac. 


Now it is necessary to a maximum or minimum that u' — w may 
always liawthe same sigi^ whatever values be given to h and k . Rut 

h may ’'be taken so jamdl that h will be greater than 

the sum of all the terms tha*fc follow it (6.1) ; /. in order that u' - u 

« 

may always have the same sign, A (^ -f ^ m) must be — 0. 
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I 

^ -f — m ate 8, But k is arbitrary m is also arbitrary ; con* 

• * 

sequontly this equation must hold whatever be # the value of 

dn A , du A , * 

*\ — ^ 0, and ™ =a 0. % 

da; dy 

(93.) /(t, //) will he a maximum or minimum folding as &' - u 
Is negative or positive ; we shall therefore proceed* to enquire when 
this is the case. 

C* , / du du \ , A 9 / 

Since h [ r + ~ m ] — 0, we have u u ~ c ( , + 2 

\ dx dtf ) i 2 \ dr* 


•«r 


9 l 9 9 m 

— m + * ” wi* ) + terms in A*, A 4 , &c. But A mayjbe taken so 
tlv dy (hf / 


A 3 /d s u <l*u \ 

small that ^ ^ \dx a ^ 2 dTdy Wi ^ 7 / ma ^ S reater ^an 

h * f 

the sum of all the terms that follow it ; and as — is always positive, 

2 

» 

d d 9 ti • 

the sign of u - u will be the same as that of ~ r + 2 , -* rn -f 

• hC" wr y 

d ^ 

- - in older to a maximum or mimnum, this sign must be m- 

.<¥ .• 

d 9 u 

capable of changing, whatever be the value of m. Let ^ = A, 


d*u _ - d l u n , d s n d a u „.d a u 

<£r rfy dy 1 4 dr? \» dr dy df 

A + 2Bm + Cm* = A (1 -f m -f ^m 4 ) =* A ^(1 + »>)* + 

¥ » ^ * 

— mA. the sign of the quantity within the brackets will* be 
positive whenever A and C have the same sign, and A C is not less 

* * M 
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( 

than B*. Consequently, in order that/(-r, y) may be a maximum or 
* . * 

^ &* u »d*ut , . d*u d*u 4 A 

mmimunf, and -=v must have the same sign, and 77 - ~yir must 
• «* $ar t a/ 5 oar <%* 

* r j \® » 

»ot be leas titan / - — —I ; and It will be a maximum or minimum, 

\dkcdy} 

•caAg « tbi Um™ »g» of 5? Ml £? » or poriUro. 


If the values of *r, y, which cause ^the firft differential coefficient to 
vanish, cause the second to vanish also, / (jr f ?/) cannot be a maximum 
or mi^mum unless the thud vanish, and the fourth he incapable of 

chanfihg its sign. 

, • 

i ( 

Example (1.) Let u = a* + y 4 - 4 o#y 2 . 

< < 


=3 0 /« y* S 3 2 osr ; 


* »a — 

- = 2 oo7, and a? = a V^2 .\ v « 2 5 a. 


‘Also, = I2x“ = 24 a*, =k 12 / -8a* = 16 a* ^2. 


d \ 

dydx 


- Bay =; - 8 x But 24 «* x 16 <*» ^2 > 


( - $ x 2* u 3 )?.* *\ w «= — 4 o* whi$h is a minimum. 
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n 


* d*u • 

=ss 9; .\ x s=s 0 or 0 «s £ y%* — - 1 or£; 

* • • 

* • 

A ««» y£ flf *V 4 1 ’ , ^ 2 tt 

y «= 0 cry =*= ^ V2, - h and ^ 


- 1 or5; 

7 * 

.'.asarOjs; 0* give « = 0 ft maximum, y • 
xc =» ± */2, ^ = + V2> give w = ^ 8 a minimum. 


Ex. (&) Find the maximum value of u ar + Jjn*+ c», J„V and 

« being variable and subject to the condition l* + + n*=s 1, 

• * * 

» 

n =: i srp— m 2 , and w = ai+im + c^l-P — m* 2 , » 

ct 


du __ 


rOj.-.a V r l-.p-. m »- c | = o, (l) 


du 

dm 


cm 




= 0 j 6 V — w? — cm — 0. (2) 


Multiply (1) by b and (2) by a, and subtract, and vfo have 


a cm a? b cl **. j 


~ s r ~ J and n l ;.»2® + r~ I st 

m n a a a* 


+ — P a* 1, that is l 
a 2 


V" a® -j~ 5 2 *-j- c 2 * 


772 


+ i 2 + 


and 


c 

n =* V^'+M+’c*' 


4 » 

* 


This is the solution of the problem* # “ To find ftp position of tlie 
plane on which the sum of the projections of any numbei of planes is 
a maximum,” l, m f mid n being the cosines of the angles which the 
plane of projection makes with the co-ordinate planes. (Vide Gre- 
gory's Dijf* Calculus^ page 1 14.) 
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( 

Ex. (4,) Fjfcid &e maximum or minimum value of u *b= xyz subject 
to tile cohdition expressed by the equation a* W C* = k ^ 

* r 

« 1 

1»g. w=log. ir+ lofe. y + log. e, and log. k=x log. a+y log. J+r log. c, 


_ log. lc - x l og, a y l og, h 
" ”~log. c 


••• log. u = log. JT + log. y + log. — JLZ^8~*ZZ!2 l frJ. 


du __ 1 log. a 

ml x log* k ~ sf log. a - »/ log b 

log. &==()/ ' ‘ 



log. £ - $ x log. a-y 


(1*) 


I n a* similar manner it appears that log. k - a* log. a - 2 y log. 0. (2.) 


Multiply (1) by 2, and subtract (2) from the product, and wc have 


1 Wt fc 

log. &- 3 x log. a = 0; a? = bke manner it appears 


that * nlr* and * = ri g -e 


i lc 

u ■=-- -Sr, ; — which, by the usual criterion, is found t 

27 log. a log. b log. d 

to be a maximum. 

t * 1 
Ex. (5.) To inscribe the greatest rectangular parallelopiped in a given 
ellipsoid. t , * 

t, t 

Let the equation tc/the ellipsoid be — + £T + ^5- — L and lot 

* » * ' 

x, y, and x be the half edges of the parallelopiped, then « ~ % xy x. 
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da 

• . ir =* 


Bc S U---^t - - £ Vi-0* 

3 V 4 * * b») a ' V tf» & }' _0 » 


2«* «* ' 

•’• 1 — a <f ~ #T = (1 - In like manner it appears that 


, *L 2 y* _ ,, 

a* 6? “ 


' 2 - — - *£ = 0 
«* 5* 


3 

1 - =0 
a s 


3 ^ = « 2 and *•= y =v 3 » 


* = 




Hence w = 


8 <r5c 
3^)’ 


( 92 .) Let «—/(*, y, z), and let u -= /p; + A, <y + 

when w is a maximum or minimum it can be demonstrated, as in. ( 90 ), 
> 

that ™ + W1 3- + n = 0 if A* = r/ift and l = 7$. But & and l 
ax ay dz 

• 1 

• » * 

arc arbitrary, »\ m and n are also arbitrary j thig equation resolves 

itself into thc» three following ; — = 0^ ^ = 0, ^ == 0. 

* * 1 * * 
Also, the equation of condition is * * 

• • 

/ d*u d»u (d*u \*\ /d*u d*u _ 

\<&c ? dy® \dxdy) ) lir* dz 2 w dz) / Vc2y<fe<fo* ^ 


y 

dxdy dx dz 7 * 


Vide Theorie des JFonctiom, page 259. 
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Example « + j,) (y + s)(j + i>)‘ , . ■ f 

€ ‘ t ' ' ■ . ' «■ 

•log. li =»log. x«+ log. y + Iog. x - Jog. (a + «) log. {x + y) - 
log.Jy + *) ~ log- (* + &)• ■' ■ 


1 dw 1 


1 4 du 1 1 


1 

1 _ 


x+ y ~ ’ 

1 

1 

X + 7/ 

y + * ~ 

1 

1 ' 

y + 

*■ + 6 


a x 

•1 ss 

»» y 


y *■ / 


* J * 


a‘ •_ a .. .V ( , x f. • W; 


= - X - X 


v in 4 x c y z b b 
and $ = ^ a5 3 . .% w = 


#a 6 S* 


(a + ^a 3 6),(^a 3 & +<&a%*) (Wa*b* + ,#<*&*) + b) 

‘ 1 1 


‘ a + 4 ^a 3 & + 6 t/a*l* + 4 #a&* + * + &*)* 


a maximum. 


* , 


Examples for Practice. 


«.(L) Let ti fcss a?y % {a~x r y, then « » a maximum. 

C *' t 4«J4 

I 1 t , ' , , , i , , 

* * IP a* ‘ , 

^2.) Let « = *.j>+ — -f- — > then u = 3 a* a minimum. 




(3.) Let m = xj v'o® W - a a x 8 - &*/, Uion w = "^| 


a maxi- 


tcratm. 
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* 

(4*) Let usst a (sin. x -f sin. y + sin. (x 4* y) ), then «£=3fl^ 
a maximum. 


95 

^3 


(5.) Divide a number a into three such jDarts, that the continued 
product of the cube of the first, the fourth power of the second, and 


5& a ijj 

the fifth power of third, may be a maximum, u = ^* 7 ** • 

(6.) The perimeter of a triangle being given, determine its form when 
its area is a maximum. * * * 

Equilateral. 

(7.) Of all rectangular parallelepipeds having a given velump, de- 
termine that which shall have the least surface. # 


A Cube h 


(8.) Let u = cos. x cos. y cos. z, and x + y + z = -v, then u = 


1 


a maximum. * 

(9.) Let u & sin, arsui. y -f* sin. x sin. & 4* rin. y sin. z and x +y + z 


7T 3 _ 

= 4 , then u= | (2 - a maximum. 


• (10.) Let u =s axy* *?*+ x* y* e 8 - r 3 - xy* then u ( - j a 


maximum. 
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CHAPTER XI. 

PLANE CURVES. 

, r 

TANGENTS, NORMALS, AND ASYMPTOTES TO PLANE CORVES, 
REFERRED TO RECTILINEAR OO-ORDINATKR. 

Ifyf* If a Haight line cut a curve in two points, and the curve bo 
mMe to revolve in it§ own plane about one of these points, until the 
other coincide with it,' the straight line in its final position will be a 
tangent fo the curve. 

(93.) To find the angles which the tangent makes with the co-ordi- 
nate axes. 

Let C E b6 a curve, 0 X and 0 Y rectangular axes of co-ordinates, 


•> 



of which 0 is the origin, AC A tangent at C, D C IS a secant* t)ravt 
C B and E F parallel ^to 0 Y, and V 6 to 0 X* 
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• 1 ' ‘ 


9 

' ' ■ ■ \ ' ( 

Lot OBssje, JJC = y, and B F = h, jhen, since y =^( 11 ), E F 

dy, I rf 'ft* 

+ lT2 


E = y+ 1 A + y» + &c. v. EG^+g 1^+ & «* 


But tan, E OG 


GE 
C G 


d</ } , d 2 y ft* 
-& * + if — 


1.2 + ¥ 




€? s y A 
<fe» (72 


+ &c. 


f 



Take the limits of both sides, and observe that when E eovicjdes 
with C, D G will coincide with AC, and theangle $2'C Gr T^ll be equal 

to CAB. tan. CAB = = cot. A KG. ^ 

dr. * • 


* 

(94.) To find the subtangent A B and tangent AC. 

. dy BO y die 

(L) dr = AS ~ AB ’ **• AB * 

tangent. 

(95.) To find the equation to the tangent A 0. * 


Let the co-ordinates of the point C be V, y , and cc, y &ny point in 
the line AC. tf The equation to a line which passes* through a point 
x\ y\ and makes a given angle with the axis of ^is 7 , 

» * 

• y - ?/ =, m (#- .r) ( ITymerss Conic Sections rt page 11). But h = ^ 

* da? 


, dV/ <n . • * 

y~y = ^ (.#*-«') is the equation to the* tangent. # 

; 4- v 

(9fi.) If CH be drawn through the point C at right angles to AC, it 
will be the norm il, and BII the subnormal. To J fiud these, 
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C' 

f Bl* V s dff 

<*■) *« fBC BO -»* 

* * 

=: pubnornWL * 

* , 

(2.) CH U 

* 

normal. 

(97.) To find the equation to the norm al^ OH. 

Lefaihe co-ordinates of C be x, y', then since CH is perpendicular to 
"** * '■ 

C * 1 

AC, its equation is y-y = - —'(a ? - x Conic Sections, 

page IB,) f # 

, ( , ,\ 


v'BC*-)- BH a 




<h* 


ro/M-£i = 


(98.) To find the points wjhere the tangent cuts the co-ordinate axes. 

• 7 

(l.)’0A jf OB - AB = * 


* (2.) 0,K i= AO tan. 0 A K * - ;j -f 4s — == >/,.. , , 

(99.) To find the perpendicular from tlaeoriginon the tangent 

l ' * * ’J 1 * 


Let the equation to, A C be >=» m.r + ^ then jp = the perpendicular 


« C 1 

from the* origin is equal fo ^Myrnerss Conic ScetionSy'p. 17,) 

• , v 1 , 1 1 ■ 

^ ' ' a ' , 

j * * 9 dy , ' , ; *’ 

But, the equation to A C is^ - y = ^ (#-#')'; , , (95) 
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m 


and p ~ 


restored. 


d A v 

dec 


- — — rk , if the accents be effected, and m 


A. ,4? Vl +m» 
V 1 +7? 


(100.) Th$ rtodts of the eeW preceding articles may be exhibited 
in a tabular form. 

* du 

(1.) Tan. C AB or ooi A KO as 

* 

(2.) Tangent 


u J 1 + 


rfr* 
<(//* « 


Cb) Subtangent 
(l.) Normal 
(.)*) Subnormal 


<Zr 

> jt + * 


,2 


dif 

ft * 


((i.) Ttie equation to the tangent is y - y ss ). 

de 


, (7.) The equation to the normal is y - y 


dy 




(8.) The^perpendicular from the origin oh thetangent is — j 

where fn ~ . * > . 

<** * 

(i>.) O A jx x - 1J ss y ^ - .r, f vrtym is measured in 

an opposite direction from the origin. * # , 

du 
4r 


(10.) OK^ iu = - v + * ^ — 9 * « jj*, when y« is measured 


in an opposite direction, 
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Example (1 j. To fend the equation to the tangent, in an ellipse* 


y* * ^ ,, ,, 1 ; 

fir + ^ '«== 1 5s the equation to an ellipse, the centre being the origin. 

* </ 7/ 5^ ' . * i ' 

(Hymertf* Conic Sections, page 61) ~~ *= - - » But the equa- 

o> y 


tion to the tangentus y - y — — (x *-%) ; (100) 


> . bPgp fc 8 # 

■•• » - » = - vj- + ■ «V’ . , ' 

a*g* - « 2 //y == — b a x z + b 2 xx\ 

< 

<s*. f 

•a*yy -|- b\,xx = a 3 // 3 6*07® =s 


* ■ v 7- + v ~ ** 


Ex. (2)* In an ellipse to find the subtaugent. 

IP v 

From Example (1) we have#/ = -- (a 2 - 


b t a 2 -t xuf t , * . 

// = - — — : — Let y s 0, then a s - # « = 0 \ 


/. x — --• But the subtangent » x — « =. ,-V - 


Ex. (3). The equation to a parabola referred to two tangents as axes 
is gy + — 1: find the intercepts gf the tangent along x and y* 


►Since 




©‘ 


1 




,*» | -o- '• ^ ~ 

-»® swr*" 


- &■ 



' ’ V * ■ * j! :.;, ; it)4' 


But OA =» %« *= z; <9 ^ '» '• + ^ “ * + <**’#* 


.r + - (^) 4 ) ^ ^) J ‘ . " A /.. 

• ■ ' \f '-', ,s , ' - - V.' ’ ■ * 

; ‘‘ ,* * i 

In a similar manner it appears that 0 K s= y 0 = / 

"*>' l ' » , * " "' '^'•>' ' '*V''rf , v* 

W' 1 *.’'''' #. 1 

■ •». ,•;> . _ 

/ ($ 4 r <$ ’ 


s ' 1 1 ' ^ ,y 

Ex* (4)* The equation to the cissoid of Diodes «s 


‘ find the subtangent and .subnormal. 

«. ^ dy ofl (3 a - ;r) 

(J.a-x)* dx (2a - *) 2 


But the subfcangent — y ^ 

■ ■° ■ * dy a* (3 a - x) 3U~ x 


Again, the subnormal — y as — — --» X J?) 

d* (2 a -a:) 1 ( 2 <4 -.*)« 

a? (3 a - x) . ! 1 VvV 

(2 a i)* * * 


Ex. (5). The equation to the eatery is $ ;=- ^ «) ; *fi n d 

jS 

the normal and subnormal. . • * 

• .* 

c ~ ■ du 1 * — * * 

Since y**,- (e« +■« •). ^ — v 2 ( e ” ~ * ')• 

, ■ * . 

( /ciy \®\i 1 m 

1 + W/ / — ^ ( X .+ 4 (•" r ~ £ *f « ~~)J‘ 

•?/ £ -1 I/ 3 • 

=!<•• +■* •)-> • •. 

, ' ■ • 

. *'/■’ .<**■'. c j? •" > ' t » • . 

Again, the subnormal = y ^ = - (€• -f e >)x | (s«“ - « ~ » y 
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f 

(lpt.) Since im arc and its tangent coincide at the point of contact, 

the angles at which the curve cuts the co«r$ftlinafce axes may bo found. 

* , ’ \ ■ '■ 

• • . 

Let X and y represenfc#he angles at which the f curve cuts the axes 

^ 1 thi " l ' ! ' (HtC 

of x and y respectively ; then tan. St ==*’ JL, and tan.'^ = 


« « 

i 


Example. Let y = - (cr 2 cc 2 ) 4 , which is the Equation to the el- 
lipse when the centre is the origin/to find at what angles it cuts the 
axes <E>f x and 4 y. 


dy 

dx 


bx * * « , , _ . „ . , ■ . , . _ b 

from which if if jss ± u r tan. X = 4 - 7 , *=* 
a (a a - a;*)* 0 


H- qc = tan. 90°; ,\ % =» 00°, which is the angle at which the„curve 
cuts the axis of x at the distance of ± a from the origin. 


Again, let x = 0, then tan. y = y .% tan .y ^ 

*■ 1 

tan. 9*0° ; .\ y ~ 90°. the curve cuts tjie axis of y at the same 
angle. 

(1024 To find the angle at which* two curves, whose equations are 
y = / (x), and y* p (a/), intersect each other. ; 

Let the curves be referred to the same rectangular axes ; and let 0 
be the angle made by two tangents at the point of intersection, and % 
an 4 X f the angles which these tangents make with the axis of x* Then 
0 will be the angle requifed, and tan, i ^ tan. (St ~ &) ‘* 

4 , f . < . 

* i . ■ 

t * dy r dy" < ■ 

tan. x — tan. x 7h ~ dx ; 

7~ 1 + tan. x tan. * _>dy dy 

+ d*7 dx 

Example (1.) Let g, circle whose equation is y*‘ *2 ax - xr be cut 
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by a straight line whose equation is, y f m M 1 *fmd the angle at the 
point of intersection, *' "" * v ‘ t;, ‘ ' * ' 


.w, 


2 ax - rr 3 = a? 9 . 


At the point of ifttersection a? ==? and y s» y • , 
and x ss *«=$• >■ ■ ; """ 

But (1) t Xig‘ 

v / dr, . ' v^f ; . /«fe y v . • y +*.<1 


— SB — 1 sSs 188*1, ’ ,V 


Ex, (2.) The equation to a parabola is y® ■=» *4 or, and Jo ft«eircle 

/'/’ * • ,,* 

,/ ► * 1 i 

V s = a'“ - If a 5=S find the point vfhere the ctirveS inter- 

1 ^ • , ■ * ,,, ‘ ' ' 


sect. 


At the point of intersection x ^ r, and y t£a y , and 2 o' # =* a* - .r 2 
*\ a' + x *=£ a ^2, and x = «' (Vjg- l), alsoy a ^2 V-j - 1, 


% / dr # ’ • v ' th 

2 

v/Vifri* 



•\ tan. 4 = 


7/ ( « +vf) 

t/* — a' a? 

* v • 


» 


ASYMPTOTES. 

. •* 

(103. Let A P be & curve, and let A be the origin of co-ordinates, 
and A X and A Y ther axes of x and y, * * , 

Let P P be a tangent at the point P («,•/). ’ 
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r 



aud*A E =*y' - % (100.) 

* } ’ 

f 

« 

Le\; a:' or /, or«both, become now infinite, and A P and A E remain 
finite, then F P will meet the curve only at an infinite distance. It is 
therefore a rectilinear asymptote to the curve. 

Let A M end A N be the values of A F and A E when x' or v/, or 
both, are increased indefinitely, then two points, M arid IS 7 , in the asymp* 

tote are found, and therefore M N produced is the line required. 

* 

c 

r 

Example (*L) y® ss= mx + iwe 8 is the equation to, the conic sections 
when the latus rectum is m. 


TT dti m -f 2 w 2 t mx 

Hence — — £ — — AP = — ™r~ ® = — 7-^ — ; 

<&; 2 3/ + 2 far fa + 


' n\x + 2 far 8 

and A E ~ - —7- — 

2 v 


w.r. 


^ ^ £ 2 ns* 


/. AP: 


m 


— + 2 n 
x 


and AE = 


m » v 


. Let A? become infinite, then A M = , 

D /fa 2 n 

Vr + n 


and AN s= 


2 
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4 

(1.) If n be ass 0 f as x^jthe case in the parabola, •then A N « <* ; 
the parabola has no rectilinear asymptote* * 

* , 

(2.) If n he nag&ive^ as is the case in the ellipse* A N is imaginary ; 
and therefore the ellipse 4° e s not admit of a rectilinear asymptotf. 

* 

(3.) If n be positive, which it is in the hyperbola/d N has a finite 
value ; and therefore this curve admits of a rectilinear asymptote* 

• • • 


Ex, (2-) To draw an asymptote to a hyperbole : 


* <•- +"> ••• t =- (a 4 r) 


dy 


dx 

IP# » hx* 


• 


But A E y - ; or — — , — 

dx ay ^2 aaeafi? 

■when x -- or 


.% * 


J- + * • 

sv % 


S-5 A 


and A F 


dx 2 m + x* a# 

^ ~~ X « 4- a: ~ « 4~a? 





■= a, when j; j=# * . # 

A M =- a, and A N *= A join M N and produce it ; it *is the 
asymptote required. 

* * 
* The values of A M and A N might have been obtained frdte Ex,(l.) 
as follows 


* It* , , , v 2 b* & m 

Since y* s® — (2 a# + a 2 ) ss= a? + — ar. m •== — , and 


6* 


*»• 


A M 


m 

2n 


* 


o f and A N ** =* >k 

2 


Ex. (3), To determine whether the ciascyd of Diodes admits of an 
asymptote * 


jr& 4r _ ^ (3 fl 

* ~ * V* ~~ (2 a ~ ' 



i m 


r 


Horn* A r - ' * £ ! ~ and A E - *(%-$■ 

* r 
r 

Let x then y and ^ become infinite. .\ tUere is an asymptote 

r 

to the curve perpendicular to the axis of sr a,t the distance 2 a from the 
origin. '■ 


(104.) To find the equation to the rectilineal asymptote to a curve. 

< d c 

It appears from (95) thaty - V 5=8 -£ <* r - *0 *• equation to 

the tangent? pnd if in this af Or/ ? or both, be made infinite, the equa- 
tion to ther asymptote is determined, and hence the line itself may be 
dram ; but this method ife in general very complex, and the following 
is therefore usually adopted : — If the equation to the curve can be re- 
duced to the iormy .r= m 4* 6 + - 4* * 4 , + &c., then y — ar 5 U 

O 0 * 

l, 4 

the equation to the asymptote 

* Q Cl 4 

For as x increases, — j- -f &c. diminish ; and when t become 4 - 

indefinitely great, these terms become indefinitely small ; and therefore 
fbe straight line whose equation is y = ox + 5 meets the curve only 
at an infinite distance from the origin : it is therefore an asymptote to it 

Example (1.) Find the equation to the asymptote to a hyperbola. 

(.‘If,'*.!'*'.*.),. 

r a ? »■ ' c ^ a \ 2 X 9 8 ,r / 

bx _ a b « a 5 * t . * ,r , 5# 

is ~ 4 V 4- 4 &c. l^t ar ^ then y « 4 . 

r 

the hyperbola has two asymptotes which pass through the origin 

^ ' b 

and mate angles with the axis of a, whose tangents arc + and 
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Eat, (2). Find the emation to the asymptote of.the curve whose 
equation is #* =* ®r* -'W ' • 

' - 

y=s - x^l - ^ » - 4 4* | + ^ + &c. * Let x. *— «, then 

. » 

^ * 

f- j t which is life equation to the asymptot/. 


(105.) If tie ©qufctfom to a curve eau be reduced too the form y w. 

d d i 

a^ + &r + c + "* + ~f + &e , then it admits of a parabolic aaymp- 
XT 

t 

tote whose equation my ^ ax* -p lx -f c. # * . •* 

« * * • 

Ex* Let the equation to a curve be & - *y (a? - b) ~ # : to deter- 
mine whether it admits of an asymptote ; a^d if so, of what kind.* 

* 

Since a? - ay (as - b) s= 0, oy jj; — * £ «s -f Jx + 6* -f - 

% 0 ic 

b A i b b % * 

+ - „ + dso. Let # then y a= - r* -f- - a; + 5 .\ the cmve 

or 1 * a * a 1 a 

* 

admits of a parabolic asymptote. * 


ExAMJPUfcfc *Olt PkKTICL 


1)4 x ^ 

(1.) If gr is. — - s be the equation to a cum, prove that it cuts 


the axis of a at the origin at an angle a- tan. - * ~ 


• (2.) If y a -f 0 »/ — <w - as® be the equation to a curve, pjovu that 
it cuts the <t$ip of 4 at the distance of a froth ftp origin at sn angle 
of 45°. 

* * . * ‘ 

(3.) The equation to a cum is af*,+ y* s= a* : find the equation* to 

its tangent. Ans. **, + ~ *> <ri. 

^ .r . 
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(4*) The equation to the logarithmic curves y »= o' ; find the sub- 
1 * 

tangent. Ans. .- — . 

• 16 g,® * 

* C ( P 

(5.j The equation to a hypeibola is a s y fl - = - a? 6 s t find 

the equation to ^ts tangent*. Ans. a s y y' x' s» ^ a? 6*. 

(6.) The equation to a tangent to the equilateral hyperbola is y ;» 
< « < 

flu+a ~l t and the equation to the perpendicular on it from 


the centre is y 


a? : find the locus of their intersection* Ans. 


(y* + a? 8 ) 8 « o 2 (ar 2 -Sy 8 ), which is the lemniscata of Bernoulli. 

«« 

(7s) The equation to a ( curve is ^ : prove that the 

length of the tangent intercepted between the co-ordinate axes is in- 
variable. 

(8.) The loqus ©i the intersection of a tangent to a parabola with a 
peipendicular on it from the vertex is the cissoid of Diodes. 

4 * 

. (9.) If two tangents to a parabola intersect at right angles, the locus 

of theif intersection is the directrix. 

(10.) If two tangents to an ellipse intersect at right angles, the locus 
of their intersection is a circle whose Radius =■ # 2 + b*. 

K 

(11.) If the equation to a curve be 7 * + y* «: prove that the 

equation to a rectilineal asymptote is x + y 0- 

«. ' 

(12.) Ify a ^27?y* t 4' ss 0 be the equation to a curve, 

proV'e that the equations tQ asymptotes are y « a? and y & 0. 
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CHAPTER XII. 


ARCS, AREAS, TANGENTS, NORMALS, AND ASYMPTOTES TO 

CORVES REFERRED TO POLAR CO-ORDINATES. • 

* » »* 

(106.) To find the differential ofjhe arc^f a plane enn^e a& a ftme- 
tion of the rectangular co-ordinates of its extremity. • 



**+a*+b*+.: v 

» • * * 
i * 

*1- * Jl 4 g- + A A*+ * * 


Taking 


the limits of both sides, we have 



1 + 



\ d$ ~ da* 4 * d*/ 



iALtlUiiVh, 


i i 

(107.) To find* the differential of m drc^Hp terms of the polar co- 
ordinate® of its extremities. ™ 


Let A, the orig^i of coordinates, be the pole ; aM let A P— r, and 
the apgle P A N sx d; then % 5 =, ? cos.*0, and // r sin* 0, 


dx dr 


^ dr ‘ . 


Ti.^Ti co . s - *r r Bin - m 8in - 4 + ' eos ' tf ; 


•** <&“ + «fy* — ** dP -f- d<*. Bat ds _ v'^ * (J06) 

r 

*♦ 4 . ' 

(108 ) To <Ind the dfffciential of the area of a plane curve as a func- 
tion of its rectangular co-ordinates. 

du 

V fy+ ; 

Let BNP— a, and let N N'^A, then PNN'P - / - xh 

< 

PNNP dy k 

■*- — £ — = d + ^ j-j *f • • Taking the limits of both sides, we 


have ~ xz y, da da. 


(309.) To find the differential of a plane curve surface as a function 
of its polar co-ordinates. 

* t 

Let B A P i= a, the angle B A P =u 4, and A P 9» r, then 
* ‘ 

• c 

a* B flP-'ANP = BNP- *#*;*-. J ^ d . vjif. 


+ ~ f (*%1 -^l)- *»*i * - ' cos - *. 


•1 , dr . , dr 

and.v—* 4 sin* * .*• # =. ^ - r sin. <» cos. <* , p j** siii 
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andjc^pt-roitt. tfcos. dg£ •* t* cor. H : 


da 


J ( y ^:* *f) **«*.«*<*■“****{■ 

9 V * * * 


(110.) To find the angW which a tangeht to a Oun4 makes with the 
radius vector. 


O M 

a » 


Let A be the pole, A F the radius vector = r, A Q s=± f% t$*e angle 
RAPsf and P A Q » i. ' 

Then since r is a function of r and 0, we have by Taylors Theorem 

, df h d*r hr 

r ~ r z '- <i« i + dp i.a + 



Draw QC perpendicular to A P, then^the angle A P $ = QPC ; .'• 

... An „ QC QC* rain. A 
tan. APR* p£ - ^ "AP^V “cos, A ±»'< 


r r 
sin. 


drh 

'+« i 

dr h . dr h . . x . » 


^ - r tan. 

, Let Q now move 


112 


DIFFERENTIA! CAUJ ttm> 

t 


down to P, then «EP shall coincide with SA) and become a tangent 
at P, and the angle APR'sJmtt become equal to APS. Therefore 

* !<**'' 

' r*df 

_* * tan.*P dr* 

(2.) sin. * P '=* ~ 1 + Hd0* “ or* +~r a df) s ’ 

"dr* ~ 


sin. P 


(3.) cos> s P 


rdi 


V dr* r*rflP 


dr* 


n • i _ . . 

1 -J-fcinT *P 1 + r*cLP di a + r*dP' 
dr* 


COB. P — 


dr 


Vdr* 4- t*dP 


(111.) To find the perpendicular from the pole on the tangent and 
the intercept, on the tangent. 

Draw A D perpendicular to P S, then 


rVD 


(1.) Ati car sin. P = * *’ 


»/dbl*~+r*dP J r . dr* 


•-= P* 


+ ; 


<«* 


(2 f ) PD = 

sat l^COfi. F =■ 

1 

dr 

« 

t * 

t 

r Ti 

^ rdr 

i jrtSf* 

ds * 

/-*+a> 


„ A6 

P 

C °*‘-dr 



•dr 


.dt* 

+■**> 


. (ioi.) 


; and 
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4 f . 

' ‘m a » 

Now, when ris a maximum or minimum, a* 0 ; /. the "gr eates t 

and least distances t/f the curve from the pole are eayi^p found, 

\ » 

# 

(112.) To find tho tangent and subtangent * 

Through A draw AE perpendicular to AP, Kleetmg PS in E, 
then PE is the magnitude of the tangent, and A 6 of the subtangent. 

(1.) PE « A? * ,J l 

' COS* P V * 


(2) AE AP. tan. P « 

(113.) To find the noma] and subnormal. 

n 

Draw PF perpendicular to f-P, meeting £A in F* then PF is the 
normal, and A F the subnormal. 


4 

dr* 


r*«W 

dr' v 


(1.) PF e 

(2.) AF - 


r * 

sin. P 

* 

\P _ dr 
tan. P dS ' 


d r ' + 2a 


• * 

Exatem: (L) To find the angle which the tangent makes with the 

radius vector in the spiral of Archimedes, whose equation i &r zz 00 . 



M * 

dr' 


atid tarn P ^ 


r(U 

<ir 


r 

S' 


* 

* Ex. (2 ) To find the magnitude of the tangent and subt&ngent in tha 
logarithmic spiral, whose equation is r — a ( - • * 

log*' r ~ * log. a ; ^ 


dr 


log adt 


1 dtf 

log. o r dr/ 


* 
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- = vl+TSift: 


f 

AjAK-^f? =, ; - . 

(<& fog. a 
1 


Ex. (3.) To 'find the perpendicnUr from the p$e on tto tangent in 
tlie curve, whose equation i$ r =r a sin. 2 1 


~ =2a cos. ft * 2a ^l-iin/2 Jt=Sa — “-T = 2 Va*- > 
<fc? » r o ^ 




AD p ^ - p^rl 

4 sA 8 * 


'*• Vf a ri 3r r 
d$* 


Ex.^Aji To find the magnitude of the normal m the cuive nhoac 
equation ia a es r cos. A * 

t 

* n dr a s*eu 0 


cos. 0 * * d$ cos.® 0 a 


t= . Vf* - # 2 ; 


a*PF « ~ J>' + J <’ s ~ «*) - 


Ex. (6.) To fiftd the magnitude of the subnormal in the curve wbowe 
equation is re* sc a -f - r ~ 


dh 

¥ 


• « 


dr 


r'S'a*-!* 


?•/& S. T* 


« / AF tt * 53 - 1* - - 

f . « ^ 4 ? if 


* (114.) To determine when a curve referred to polar co-ordinates 
admits of an asymptote. 


Prom the equation cto the curve We have it * f(r) and the suhtaa- 





m 


gent AC as If, therefore, a pajrtijular value of t render r 

infinite, and at the same time r* ~ finite or equal to zero, i straight 
» * \ 

line drawn through the extremity of the suhtaUgentJ parallel to the 
radius vector r, is an asymptote to the curve. 

» . 

If a finite value of r render i infinite, the curve admits of an asymp- 
totic circle. 


Cxami>lf (1.) To determine whether the reciprocal spiral .whose 

equation is r = ai' 1 , admits of an asymptote. * • * 

f * • • 

* • « 

Smct r a 4 "** 4 ts» ** f and when r 4 «s 0. * 

t » 


$4 * 

Also tin subtangent « j* 3 r - fr If, therefore, A E fee drawn 
or 

;=-. - a, and ftom its e^tiemity a parallel clmw n to the iridtm. vectoi, 
it will be an asymptote to the curve * 

Es« (2.) To deterainft whether the curve whose equation is tjskm 2# 
2 adtmfcs of an as} rnptote. 

* sui. 2d ~ ^ ss 0 when r t» «, Also the subtaxsgentf ^ ^ 

f 


r cos* % 4 


2 a* 


— 0 when r «=» « ; • the radius 

/* 4 

V' - ^ . » \ » 


» » 


vector, when 2 0 *■». 0, or 2 tf is au a*ymptpie to the eufve. 
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Examples kob Peatoce* 

, * 

(l^ In the curve whose?* equation is r® m n 2 t&x. 8 0, find the angle 
which the tangeui mafces 6 with the radius vector. » 

:i n a 9 t* 

, tan, P as- -VT-3* 

a* + r* 

* * * r 

(2 ) In the Lemmscata of Bernoulli, whose equation is Ifr = &* cob, $*, 
find the perpendicular from the pole<ou th6 tangent. 

» - 


(3.) In t^e cum Whose equation is r -& a (e* + * + find the 

perpendicular from the pold on the tangent. 

* 

/' - , — rr~ 

V2/ - 1 a&* 

(4.) In the spiral of Archimedes, whose equation iht- a 0, find the 
magnitude of the subtangent t 

r T 9 

€ The subtan gent ta — ■* 


(5.) The equation to a circle referred to a point in Us oiicumfcrence 
is^r s= a cos Q f find the magnitude otthe tangent. 

ar 


The tangent - 


- 


V 

(6.) In the logarithmic spiral whose equation is » = cc*, find the 


Mibtjngent. 


The subtangent r a. 


2 a 


(7.) In the curve whoso equation is t =a -- find the ma gni- 

tude of the normal. 

% 

The normal aw 



> f 

wffebkSsuA calculus U7 

* « 

(8.) la the eum whose equation is r = fj - bt* find the magni- 
tude of the subnormal. ' 

• » * js * * 

, The sttbaormjd *= •*• *»y 

* 1 \ t 

(9.) To find whether the curve whose equation -is if cos. < *=■ a cos. 
2 i admits Of an asymptote. 

* . 

The asymptote is perpendicular to the line from efhfth 6 is measured, 
and the subtangent =? - a, 

* * . 

(10.) To find whether the curve whose equation is (r - a) t =x 
^ a* 6* -1 admits of an asymptote. , * 


It admits of a circular asymptote having r =. 2 a. 
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CHAPTER XIII. 

if *i 

T1IR DIRECTION OK CURVATURE, OSCULATING CURVES, TBR 
KA1HL ** OK CURVATURE, INVOLUTES, AND EYO&pTES, 

< 

•* * * 

( j 1.1.) I’o find tlic Election of curvntuie ol u curve referred torect- 
antruUi eo-rtidirn+es. 


Let i* M Q h t a curve, 
and 1< t \ X — >, MN 
//, p \ T -t- </ N ■=. 4, and 
P Q a Unj;t at at the 
point VT j tlum 


(ht , 

<A7 - H A 


■v- ? - > 



and P P 


d*H 

h + 

/i* 

I 2 

, '/ a y 

" r <'j 8 

A* 

l"~3 3 

h + d,» 

1 2 

7lj? 

h* 

1 . 2 .”8 

V A- 
^ 1 2 f 

<L* 

//’ 

1.2. 3 

+ <ke- 

V/ //^ 

** 1 *2 

d 6 f( 
)t * 

1 2 3 

> Ac 


But if A be taken very *»ino)l. . . f - is gie iter tluus all the term* 

uj* i , Is 
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which follow H in each of the above series (63), Q-Q' ar>6 I’ F* have 

• i 

the same sign ; a»l If ^ be positive, the ouf ve is convex t& the axi* 

<?*v * | \ • 

of a; ; but if - ; be negative, the curve is upheave tf tjie same axis. 

(id * • 


(116.) To find the direction of curvature of a cur # ve refeirod to polar 
oo-or dilates. 

# 

It id evident that if the curve Ife concave towards the pole, the per* 
pendicular AD p increases or diminishes, as A P = r the Radius 



vector increases or diminishes ; but If the ctlive be come A to the pole, 
the perpendicular diminishes or increase's as the radius \cctor inucascs 
or diminishes ; theiefore, when^p -f{>) is the equation to a curve, 

• 

and it has its concavity towards the pole, is positive ; but if its con- 
vexity be towards the pole, ^ is negative It ficnee follows con- 
do * 

Veraely, that if ^ be positive, the curve is ejmeave to the pede, and if 

dn 

y- be negative, it is convex. 

Cut 


(117.) To find the conditions necessary to the different orders of 
contact in calculating curves 
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DIFFERENTIAL CALCULUS. 


Lei P M and D N be two curves meeting 
same rectangular axes of* 
wordin^es, AX and A Y. 4 

Let (#, #) be tfe co-or- 
dinars of any / point ii\^ 

P SI, and (a;, y ,) or any point 
in PN, then ,y s=,/(a?), 
andy, « p (x)l r At the 
point P, y «= y,. ' 


at P, and referred to the 



Let QO =s h, then 





• hi o « ,+ f h + a* . Aa - + ?> ~ A8 — + &e. 
'NO=y + i'H d >' + Ik + &«. 

. y T ' tic* 1.2^ <&,■' 1.2.3 * 


... mn = (% - ( %) h + _ **n h * 4 f^y . 

Wb <&/' + Wa* i s / ^ \<W <h? ) 


¥ 


* O ."**3 ‘ * • * "== A, A + A a /* + A* A* + • * “t + • * • 


If Aj = 0, then ; /, the cuxVes have contact of the tfrst 

ax ax 


order. 


I f A, = »..„ d A, = 0,. ta ^=&,.ndS = g- i - 


the 


♦ t 


curves have contact of the second order , 


IfA, = 0,A, = 0, .... A. = 0, then * = 4, g- = & 

7 <&: dx 7 *dh£ <k c* 


{i*w 

, * . . ~t“ « " 7~r ‘ the curves have contact of she ^ or<fer 
dx* <b? 
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(118*) To determine from the equation to a curve* the order of eon* 
tact which it may have with another given curve* 

► 

* § *** 
Lety, ss f (w,)^>e the equation to the our re, thM, if it gontaia two 

couetoirt*, such values may he assigned to them that when j\ = tc, 

y, ss y, and or'that the curves may have contact of the first 

* . 

order. If y, = p*(ai,) contain three constants, such values may be as- 
signed to them that when a, «* ^ y, = y, -g? = and ^ => '|*f, 


or that the curves ' may have contact of the second order;* and if 
y, «= <p (.r^) contain n + I constants, such values may be assigned to 

them that the curves may have contact of fhe n ih order.* # 

f 

(I*) Let # t =55 at, + b he the equation to a Straight line, and 
y = f(x) the equation to a cuVve, then as the first equation contains 
two constants a and we may have contact, of the first order. Tor 


this purpose, when r, = ./*, y / ~ y, s* ^ s= a ; y 


dbc 


ax + b, 


and //, - y =s a (r, ~ ^ (‘ T * *" T )> which is the equation to the 


tangent at the point («*, y) ; the tangent to a curve lias contact of 
the first order. * * 


( 2 *) Let f = (x / - of + - /3)* be the equation to a circle 

where £, a, and /3 are constants ; then, in order that there may be con* 
* 

tact of the second order, We must have y, = y*» ^ ^ and a* 

• ** 

■» j * * 

when x, ~ cr, from which three equation^ $he constants §, cc, and 


0 may ha determined. This circle is dalled the chicle of wrwUire, and 
its radius the radius of curvature of any point (>, y) of a curve. w 


t 

(UD.) To find the radius of curvature ai any point in a given curve* 
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l^et y «s J (/) he the equation to e the curve, and f =s (as, - a) 9 + 
(y / «*■ j3) a the elation to the circle of curvature. 

_ ,, kl 

** , 

« 4/, <7y , d fl y, * * 

*'''"*/* m J& “ d ft* * *»• Vten •< ^ '* 

J 1 ‘ 1 

••• (f - «) + - ft) ^ «= 0, 


•+«»-»? +•£-«■ 


Then, (at- a) q + {y - ft) pq = 0, 

, .P + 0 - /3)p? + p 3 — 0; 




pO -fy s ) 


and a = *-^ ( A±^. 


Also y - ft =. - — + 
J <2 


and ft s_ v + 


But f = $r * «)*»+ (y T (3)» + <L+// 

* ( M * ^ 

0 

fl + *2. ..* e ^ A (l±j^ = _ (1 + P 2 )* 


% Por if j he considered positive ^rheu the curve is concave to the 
atis of ^ q K negative ■ and if f be considered negative Vrhen the 
curve Is convex to the axis of ^ y is positive. 
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Since, in the preceding investigation, both* a and»/3, which are the 
co-ordinates of the centre of the circle of curvature are found, the circle 
Itself is determined. « 0 ^ 

. * /, + fey • •. ’ 

Co*, (1). Since g & - ia thc^expressio^ for the ifcdius 

“ ~tfe* 

’ - ' ' ‘ \ ~ dy 2 J 

of curvature when x is “the independent variable, g as — ~ — - 


is the corresponding expression when y is the independent variable.- 
Ex. (2) of (87). * ' ' 


1 Ttf “ . * 

(or, (2). Since - ^ - — When n is the independent varia- 

* ( i a. ^ y 

V ) 

bid r - = 1 - ( [ '! ~ when s is the independent variable. 

’ g ds 3 ds ds* ds 


d.(? df 


-Ex. (i) of (88). iKer + i-i* ( 10G -> 


d*v (Ik, 


t /d*,z dy d <2 \j cbV /d 2 x dr d 2 y riy\* 

g* ~~ \ds* ds ds~ ds) \ c/s 2 ds jh 1 ds / 


d*y di t t (d*z dy d 2 y d/’V /d 2 x dr d*y dy\» 

ds- ds ~~ * * " 7 2 ~~ w a its ds~ ds / ' \c& 2 ds ' jh* ds / 

~ 7 + \<&»// Us* + efc* / Ui + W / ’’■» 

» 

^ \ and „ a. r — - wi\}ch is an expres- 

sion for the radius of curvature when the arc in the independent va- 
riable. * 1 


Con. (3V Let r and 0 be the polar co-ordinates of any point in, a 
curve, and let 0be the independent variable. Let the origin of rectan- 
gular co-ordinates be taken as the pole, then a? ~ r cos. d and y ~ 
r sin d, and since , 
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' ' - * , it appears, as in Ex. (&) of (88), that 


' /(■■+£)' 


• c/V 

' " r dd* 


„ „ A ^<w/ 


(W 

„ . Hi*\* ’ ' : 


(" + ^y 


V tr re/r 

-7f.y *• 


h + s"'* -,?5 


(120.) To find the locus of the centres of the circle* of curvature ol 
a curve referred to rectangular eo -ordinates. 

« 

From (119) we have a - # - ^ \ and o’ ~ y -f * . 

* ' * 

But a and ( 3 are the co-ordinates of the centre of the circle of curva- 
ture at the point (,/, y). Therefore if Joy means of the above equations, 
and that fo the curve x and y be eliminated, there will result an equa- 
tion between a an<f /3, which will be the equation of the locus required. 

The curve whose co-ordinates arc .r and ?/, is called the fnrolute, and 
that whose co-ordinates are a and /3, the evolute. The reason of this 
will appear afterward^. ^ * 

(121.X To find the fvalute of a curve referred to polar co-ordinates. 

* • 

Let P F be the radius of the circle of curvature at P, let A P = r f 
A^F ■= 7 ', ADs p 1 and A*E p , then 

p’=--P and r'= VjTE* + 1> - p* +(-— - pj 
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Therefore, if from thfso two 
equations, and the equation 
to the curve PM, p Snd r 
be eliminated, there will re* 
suit an equation between p ' 
and /, which will, be the 
equation to the evolulo. 



(12*2.) The radius of eurvature at any point in a cur/e is a tangent 
to the evolute. » 


:/ - - r - <*) 2 ^ f 


to 

4 


0 /- +. . - as =0 




• / . 0 ) 
( 2 )* 
(3) 


By differentiating (2) upon the hypothesis that « and 8 are varia- 
ble, We have 

1 * 
r/ ^// <7?/ 2 dp dfi da * * 


1 <& a dx ' dx 

< 

Subtracting (4) from (3), we have 


d? rfy <?«■ 
cfx rfr " 1 ~ dx ’ 

* 

dy da. , 

di. 


o . 


and £ - j = - - ar). 

dx 



m 


TDtmSttKNTlAL 


Therefore x aftd y are co-ordinates of a point in the tangent Jo the 
evoluie, through the poirft (a, (3) and a and ft are the co-ordinates of a 
-fwiint ha the normal to the involute through the point («?, y); the nor- 
mal or r«$ius of ^urnture at any point of the Involute is a tangent to 
the e volute. ^ 

.1 

(123.) The radius of curvature of a cum, and the arc of its ©volute, 
increase or decrease by equal differences. 


e - (119) r ••• % ~ 9 (1 +p } )^ 


p( 1 + p s ) da » 

e a X — — ' — — j » 

, / q cks? 


= 9 p*. 


' 1 + jn 2 


dp 

di* 


9 p'K 


da* , dp a „ . » „ t/ s 2 


# _ /</** <z/3* 

cfoj V tit 3 


± which is the pioposition. 


Con' Since = Hh ± — 0 Now, this is the differ- 

<1jc dx dx <h 7 



ential ©oeMctent of g ± & s= C, where C is a 
constant quantity. 

Take MNR =? s, and JiO « g, then 
M NK *+ lt(> 0* Let a ktritfig having its 
extremity %xed at ML be wound round the 
\ from M to R, and when unwound, let 

\ a pencil at 0 describe the curve 0 P Q. 'Hien, 
m •because the curve OPQ is thus described, 
N ^\l it is called the involute of MNR, and MNIt, 
H on th$ other hand, is for the same reason called 
the* evolute of OPQ. 


Example (1.) Pind the direction of curvature in the cubical parabola 
whose equation is y ^ a?*. 
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1 a<l d*9 8 ai * 


# liere S^ 


' dv 

Therefore if ® be positive, is negative, .afld the curve hag H««oa- 

0 

cavity towards the axis of a?. 


Ex. (2.) Find the direction of curvature in a hyperbola whose polar 


equation is r l 


JatB «•(<*- 1) 4 

e 2 cos.* 0 ~ 1 * 


Therefore p=- ^ , and y — rt—tt Tv*d' * 1 101106 

vV - +• dr , (H_a s -f J*/ 

f 

the curve is convex to the polo.* t 


Ex. (3.) Find the radius of curvature at any point in the parabola 
whose equation is y- ~ imx. 


(hf ^ w? 4 d ' l y m* 

‘ ‘ dx ~ y ™ <b* ^ ~ ^ * 


(\ L a A\* 

<iy * m V r <&V 2 (ro-fsr)* r 

3 » — — ♦ But p ~ — 7G — — - . — — and when 

d * 2 or > <I*if 


<c sa= 0, £ 3= 2m. 


Ex. (4.) Find the radius of Curvature in the rectangular hyperbola* 
Whose equation referred to its asymptotes is xy w nA s 

"dt *** fii 3 ~ x* ~ »*• ° <fo» ~ ,r 8 ’ , 


. , _ (^ + rt 3 
' s *“ - ' 
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Ex. (5.) Find tlie radjus of curvature iu the cycloid, whose equation 


is jf =•« vera. ~ 1 - -j- *Va ax - a?. 
• & 


<fo i2a-»\* r f , , , fy* 2« d</ a 

dv f V y ) da? y' dx 1 f 


•••? = = 2(2*0*. 


f 4 1* 

Ex. (6.)^ Find the t radius of curvature in the caidioid, whose j)olar 

equation is*r ssfl(l- COS* &) e 
r« 

(r»+ rf 'Y 

dr . . , d*r . \ T diFj 

= a sin. 0, and « a cos. 6; . . g --- — - ^ ^ 

-L, 2 — y» 

' “ JA2 J/ M 


(r® -4" a® sin.® d)* _ (2a/)* __ (Har)* 

r* + 2a® sin.® ^ - ar cos. 0 3ar 3 

< A 

f f 

Fx. (7.) Find the radius of curvature in the trisectrix, whose polar 
equation is t ~ a (2 cos. 0 ± 1 .) 


■ 2a sin. L . =tr - 2a cos. ; 
di) a 


_ % (a* {2 cos. 0 _t 1 )* + la® sin ® 8)* 

* ~~ <£® (£ cos.cjf ± + 8a* sin.® 0 + 2a^ cos. & (2 cos. < ± 1) 

1 i. 

* 

_ «'(5 4 4 cos. ( tf)i 
“3 3 + 2 cos. t ' 

Ex. (8.) Find the evolute*in the common parabola* 


v* = 4 «*; * a r' q ~’'v, i 
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* + f n _ o_ , . , _*«- 2 a 

<Jf ass — — 4 ) as, O £0 < 4 - 5 sJ<r; • . SO tsz - - 

* q r ' ? 3 

« y *** 4 

V * • 

• I 

Substituting these values of a? and y in the equation to the parabola, 
we have 27 aft* =r 4 (a - 2a j* the equation to the evolute* 


Ex. (9.) The equation tin? traetrix is a + l/ y 8 = 

t .f y J ^ * 

ye * : find the equation to its evolute. 

• * 

log. (« 4- (a* - //*)*) 5= log. y 4- - » 


_ ,2?L_ _ ~ f a * _ „2\» p , - w . 

« + («•- y s )‘ •' } y + a 


•••P- - < tt »~ y*)* Md »“(a* - 


•• “ -— + ("“-.y”) 4 and /3 -- ^ 


"and jj =k a - (p 1 ® - a J )*. Substituting these values for .r and ?/ in 


4l . . . ‘ yS+ v , A 3*_ a a 34- V>-« 2 

the equation, we have c* = — - analog. - ^ , 


« 

• • 


which is the equation to the cvdlute, 


Ex. (10). Th^equation to a curve is : find the equation 

to its evolute* * 


fi 5 r dtf^ 

log. c> =s (« - <) log. It, ^ s= - f log. a, and ^ *■ > * log.' <i ; 
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( 


r 

(1 +log,*«)* ; 


dp ^ 1 

* dr ~ (1 + log. 3 df 

/ 


ant 

« 


% = ( J + lo cS* ay, d f pl J r - 1 + log.* a. 


Heuce ( > — r log. a, and f/ 


r log. a * , r' 

(1 + log. 3 a)* ’ f ' * P ~ (l + lo g-' «) 4 ’ 


which is the equation to the 


evolutc. 


PxjturLf^roR Practice. 

r 

(1 ) The equation to a curve is (// - /y) J =r ^ (r - a) 2 , pro\e that 
it is convex to the axis of ;r. 

(2 ) The equation to a cuive ib t a (cos. & - sin, 0), prove that 
it is concave to the pole. 

(3.) Prove that the curve whose equation is r =. a d*, is concave to 
the pole. i 


(4.) The equation to a conic section, whose latus rectum is m, is y ~ 
*s/ mx + n r 3 , prove that £ =, - ^ Q m 3 + (n + 1) y J ^ *. 

(5.) The equation to the catenary is ?/ ~ ^ + c~ e prove 


that o =, - 


V * Jr»^ fji 

' (th) The equation to an ellipse is - s + ^ 


1, prove that £ rp 
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(7.) The equation to a curve i &*r zz a (cos, 0 - sin. 0), prove th&t 


e = \ « V*2. 


^*i|L . 

(8.) The equation to the»lituus is r® = prove tKat f .§ ’= 

(4 a* 4~ «*)« , * 

4 a 4 - r 4 " J ’ 1 " 

* • a 

(9.) The equation to an ellipse is — -f* ^ s= prove that (a ay 

+ (6/S)».«(«* - i*)* is the equation to its evolute. 

* •* > 

(10. The equation to the hypocycloid iS jc* + c= prove that 
the equation to its evolute is (a + /3)$ + (a - /d)3 = 2 a|. 


(11.) The equation to a curve is \/ )'~ - a* = a ^ + # sec.”* 1 ~ 

a, 

prove that its evolute is a circle whose radius is a. 

m c 2 — a?) * * 

(12.) The equation to the epicycloid is p 2 = — v - - , prove that 

its evolute is .an epicycloid whose equation is p 2 =? — — — a — , 



m 
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, • ■ ' * ■ ! 

SINGULAR PtfIN'TS IN* CURVES, TRACING CURVES FROM THEIR 

EQUATIONS. 

f * * 

(124) Points where curves undergo any particular changes are called 
sitfc/vfar points v 

< ? 

C « 6 

C 

POINTS OF INFLEXION, OR CONTRARY FLEXURE. 

< ' 

(125.) *A point where a curve changes from being convex to the 
axis to concave, or vice versa, is called a point of inflexion or of contrary 
flexure. * 

(126.) To find the points *of inflexion of a curve referred to rectangu- 
lar ^o-ordinates. 



v It appears from (115) that 

; v C<**y_A* , dy A*_ d*y 

“ V “ 4sP 1 .,■> + tb* l .2.3 ' h dx* l.2".*.4- + 
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and 


p d *j 
~ dri 1 7 


d s y V d*g 
da» ] . 2 . 3 + *(& 


A* 

2 .V. 4 


But when h is* ta’^n very small, the first terms of these* series arc 
greater than the sum of all those that follow them ; Q Q' and.P l v 
have always the same* sign, and therefore curve lies* wholly on the 

same side of the tangent fMQ'; ami therefore there Cannot be a 

# • 

point of inflexion uplesa ^ » 0. In which case, * 


o o' ~ d *y h * ± d *y • h * 

QQ - *« t:t.i + ^ , i.2.T3 + fho: 


4.6 


andPF == -f^-4% + d4y 


A* 


d*y * h* 




&c* 1 .2.3 1 iVU.U * ** 

* * 

Now, when A is taken very small, the signs of QQ' and PP' are 
the same as those of the firstterms of tb© above # <i 

series ; the curve cuts the straight line FMQ' 

at M, or has a point of inflexion as in the adjoin- p_ m 

in g figure. 


r 




d*y 


(127.) Again, if the same value of a? which renders ^ 


0, raider * 

» 

0, there cannot be a point of inflexion unless it also render 
• # 

* ^ ^ n= 0 ; and if it render «= 0, it must also sender ss 0, or 


d*y 

dr* 


it is necessary that the last differential coefficient that vanishes be of 
an even oriFer if there be a point of inflexion. * 

- * 

(128.) The demonstration given above *goes upon the supposition 
that if y = f{x) be the equation to a curve, qnd a; be increased or di- 
minished by a very small quantity A, the corresponding values of y may 
be found in aeries of ascending powers of K But if a particular value of x 

d* * * 

render = «=, it is clear that this is a ease where Taylor's Theorem 

fails, and that consequently nothing can be inferred from, the above 
demonstration. , 
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It may be here remarked that = 0 in general implies that — ^ 

* • . 

changes Us sign \^hcn passing through the poi nowhere it is equal to 

zero*; hut it may also change its sign when passing through infinity, 

# # v • 

* * d*n 

Therefore, when ^particular value of x renders — 2 ->= <*, if that value 

♦ * * 
when increased and diminished successively by a very small quantity, 

h, causes ^ f *to change its sign, it implies that there is a point of in- 

« • c 

flexion at the point wjiose absciss is the particular value of x which 

, d\f 

renders - - = «. 

dx & 


For example, let y = then |= 


b 2 , d 2 y 

2(£c-a) a ’ an dx* 


(x - a) 3 


Let x = a + h 7 then 


d 2 y 

dx* 


+ 


P 

A 3 ' 


x = a, 


‘ * * ~di* “ ** 


a - A,. . 


di* 

d?y . 

fix 2 


6* 

Af* 


(129.) It^appears, therefore, that when = 0, or ^ = oc, there 
« 

may be a point of inflexion ; and when a particular value of a? causes 
the second differential coefficient to fulfil any one of these two condi- 
tions, it is merely necessary to increase and diminish this value of ashy 
% 

d 2 y 

avery^fefcij}! quantity h; and if ^ change its sign, the point of in- 

' . *\ f ' UX ‘ _ 

flexion is determined 
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Example ( 1 ). Find whether theP curve whose equation is y =? b + 

* v 

It ( x-df has a pointof inflexion. ~ =t 6 (*»- «) 2 , ~ i,2 (a - a) ; 

\ 


and if there be a point of inflexion, = (^or = 


^ ^ s=5 ot. Unfit is 


obvious that in this case vv — 0 when x = a, and = +- 12 4> 

I 3 (Zee 

, ' fr ' 

CZ 2 ?/ 

when^ = a+ A, and — £ =r, ~ 12 k when x = a A ; the curve 

has a point of inflexion at the point where x — a and y ~ b. * 

t • 

t# » 4 

Ex. (2), The equation to the wdtcli of Agnesi is xy — 2 cf(2ax- a: 3 )* : 
find whether it has a point of inflexion. , 

d 3 ?/ 2 a® (A a - 2 a:) A 8 a , 2 a . 

<&* x(?ax-x*)5 ’ 2’ ^ 3 1 

» 

when + h and ? - - A are substituted for a?, j ^ changes its 

sign ; therefore there are two points of inflexion corresponding fc> these 
values of x and ?/. 

• 1 i 

* v ' ' ■ »j 

Ex. (3.) The equations to the companion of tbq cycloid are x =s= tffl, 
and ?/ ~ a (1 + cos. £) : find whether it has a point of inflexion, 

* x / a?\ d '^y l a? 

Since 0 = -> y = a ( 1 + cos.-h ,-r-r » 4- - cos.- s=0 when 
a \ a/ dx* t w a 

' , * * ,j r '’ ' (< * *. * > * 

1 1 * '1 * ^ _ 1 ■ . . 

x =rr va f and When • ra + A, and - * i are substituted for 

2 2 2 ' ? * ’* ' ( ' t' ' ; 

d 3 v 1 . A T d®?/ 1 . A - ' . . v 

have ; = + sm. , and - * ^ ~ *- sin, ~ "there as a 

dx 2 a a (hr a > > 


we 


point of inflexion when x = 9 ^a, and ?/ = a. 


‘ * ^V; 
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Ex. (4.) Find whether the curve whose equation is x t=s (y - &)5 
has ft point of inflexion. 


y = &*±« 3 ; — ± «, whej/x- = 0. Lot 0+ ft, 

* . J. 

ana 0 - &jr be successively substituted for x, and tve shall have 

dhj 3 f d 2 t/ 3 . . , , 

d c 2 — ± = ± 4 ^ which last expression is ima- 

ginary, and therefore the curve 1ms no poftit of inflexion. 


^130.) To tiwd the points of inflexion of a curve referred to polar 

co-ordinates, * 

* * * 

* 

t / 

It appears from (lJfi) that when - - is positive, the curve is con- 

i 

cave to the pole; and when -f- is negative, it is convex ; must 

dr dr 

change it sign in passing tlyough zero or infinity ; and hence, when 

there is a point of inflexion -f = 0, or 

dr dr 


Example (l.) The equation to a curve is r =: a (l -f- cos. £), find 
whether it has a point of inflexion. 

dr _ . ^ r3 _ r " dp 3 r* 

d$ \ ^ ^ r ” sin * 2 ^ ~~ ^2 a <\r ~~ 2^ 2a 

* * t, l . t 

0 ; .-. r = 0; that is, there is a point of inflexion at the pole. 

r 

« 

c * 

Ex, (2.) The equation to a curve is r =* ^ ^ find whether it has 
anoint of inflexion. • ° 

^ and »_ »»* <••-«)* 

* («* - 1 )"’ “ (V * ■ • ¥ ~ a • 
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/f 13t 


But p 


ar % ‘ 


7 " + 


dr- \f a* r 2 + 4 r (r ~ a) ? 

<5* 


* 1 and 


dp <** r*(6H->13ar+6a*} , v L 4| / 

— . — '“T" * — ' <rT mmm " =5= 0, when there is point of inflexion; 

dr (tfr+Ur- a) 3 )’ * \ • • > * 


i- « to , 2a 

b r- ~ 13 ar -J- b a 2 , and r or = 

• „ 2 o 


The first value of r gives # «= 4 ^ 3, and the second 0.= - 2- 

But as this second value of & is imaginary, tliere is only one p&mt^of 

inflexion in this curve at the distance of - ~ b from the pole,,'* 


i’UJNTS OF REFLEXION OR CUSF8. 

* 

(131.) A point in which a curve stops in its course and turns hack, 
is called a point of reflexion or cusp. 

» * 

When the two branches of the curve have their convexities turned 
in opposite directions, as in figure (1), the curve is said to have a point 


Fig 1. 


Fig. 2. 




of reflexion of the first species ; but if their convexities be turned in 
the same direction as in fig. (2), the point of reflexion is of the second 
species. 
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(132.) To find tit ic points of refle&on or cusps of a given curve. 


A cusp,pr point of reflexion arises in this way. Any value of x less than 
A B renders the corresponding values of y imaginary, and this implies 

ef f -i 

that ~~ contains a surd.^ Any value of aa a little greater than A B 


must give twoiealues to 


Tx*' 


If these values hjre opposite signs, 


the two branches of the curve must have ; their convexities turned to- 
wards each other ; but if they have the same sign, the branches must 
havo their convexities turned either both to or both from the axis of 
x (115.) c 

f r 

< f . 

t ^ 

Example (1.) ^Tlie equation to the semi cubical parabola is ay* i= a^, 
find whether it has a point of reflexion. 


dy 


3<r* d*y 


r- a h 1 dx ~ 2 a v dx 2 ^ 4 «* * 


If x = 0, y =st 0, and if 0 - h be substituted for x, y is imaginary ; 
therefore im part of the curve corresponds to negative abscissae. 

(([”w 

^ Substitute 0 -f k for > in the values «t d j, and they become + 

e 

3 3* 

4 a* Id' an ^ ~ 4aO<** Therefore the curve has a cusp at the origin 

t, * ‘ ^ 

of the first species. . 

v t ' ,: ‘ '"V ; • 

Ex. <2.) The equation to n curve is a; (y - l) a =» (2 - find 
whether it has a cusp; 

‘ ■ '!■ ’ 

When a? «= 2, y ss ], substitute 2 + ^ for and thb value of y Is 
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. * S' \ 

imaginary. Substitute 2 h for x in tfce*values of and they be- 


3 


and *- 


Therefore the d^rve has a 


come “h 1 j " v % ««»'* ~ . 

(2 - /i)i h* (2 - # 

cusp of the /rot species at* the point a? =& 2,^Sttjd y = It 

Ex. (3.) The, equation to a curve is (y ~ cs V : , a? f find whe* 

tlier it has a point of reflexion. 


y a* ok* i 




» ah ~ - 4 

•• ' f ‘ ', '■ • 

• * 

When x = 0, y =*(), substitute 0 - A for*#, and y ja imaginary. 

• » * • 4 
* 

Substitute 0 -f 7* for# in the values of and they become 2 a -f* 

15 iA* . 15 M* * , .. , t .. 0 ' 1 5 6 A* 

— j— -, and 2a- — ; and if A be very small, 2 a > — - — . 

% d 9 v . * 

both these values of — f have the same sign, and ihe cusp is of the 
(hr • 

second species. * 0 

1 * * ■> » 

Ex. (4.) The equation to the cissoid of Diodes is (2 a - a) y 3 = 
a; 3 , find whether it has a cusp, atid the directions of the tangents. * 

dy (3 a -* a?) z* d*y 3 a 2 

U ?= ± (2 «' _ x)*’ efa* ~ — (Ta - *)5 ’ ~ ~ x* (2 a - *)‘ 

* . 

When x — 0, y — 0, and when 0 - A is substituted for x, y is ima- 

* 

ginary. Let 0 + A be substituted for x in the values of and they 


become + 7 


3a* . . .Ha* 


A*<(2 .« - A)J 


«ud - 


% — — r- Therefore the curve 

A* (2 a A A)* ’ ; • , 


lias a cusp of the first species at the origin, and since ~ = Hh 0, the 
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two branches hay* tbe same tangent which coincides with the axis 
of a. ‘ 


MULTIPLE POINTS. ^ 

* ‘ * *' 

(133.) A .point in wldfch several branches of a curve intersect, is 
called a multiple pojnt It is called a double, triple, 4*c. point, accord- 
ing as it is common to tw;p, three, dec. branches of jhe curve. 



Fig. (I.) is « double, aud fig. (2.) a triple point 

« 

(134.) To find the multiple points of a given curve. 

*• * 

Let F (r, $y) rss 0 be the equation to a curve* freed of surds, and if, 
when a particular value A I> is given to x, the ordinate y have only 

* c?w 

one Value/ but the tangent ~ have two or more values, then it is oh- 

c (tx 

vious that the point determined by this value of r must be a multiple 
point. # 

i * 

* 4 

Sinue F (.*•, )/)•*= 0, we have by differentiation M | N ^ = 0, or 

» (lx 7 

• * 

d *M * 

<!r ^ N ‘ ^ ere %t mttBt * iave tW0 or more va,uea ) »»d ft S the 
m K ** 

equation P (a-, y) = 0 was cleared of surds by hypothesis, and as no 

M 

surd can be introduced info an equation by differentiation, must be 



nfi^KRi^Tij^qyitlputOB 

* 


w 


■V'*n& A tiifen M 4-"K* «* 0, 


of the form Let ^ )wvb two «««» » «uu ^ 

and M -}- N (3 = 0 ; .-. N (a - /8) = 0. Bat, n^oe the two values 
A * ./V, ■■■ 

°f are unequal, N fliuat be equal to zero, W hencel^ must also be 

equal to sero, Wb,erefqy^ valu& Is 4'ahd 

y has only ofie value; K and N 

thing, in order that the point may fee a doable point 


This demonstration obviously holds, whateyeSr ifee the number of 
branches which intersect in; the same point, if each have a separate tan- 
gent ; but it does not apply if two or more branches have a comnton * 
tangent. In this case, since the tangent h§s eohtact of ^}le. filet older 
with each curve*— Ex. (1.) (1 1 8.)— these euiyes must be oscillates. Lot 
them have contact of the nth order, then, if we differentiate IVf -f 

N |* 0, n times, we will, have E + N 


and in order that this may have two valves, must be»== 5 ; and it 
may be proved, as in the first ease, that 11 = 0, and N as 0. lienee 

dy 

‘ dx 


„ A dy M O 

M = 0 ; ~<h “ - -N = 0 as t,cfore- 


* * (ly 0 4 * 

, It may be proper to. state here, tha^-~ =s - does, not m every case 

* * 

prove the existence of a multiple point. It merely shews that such a 
point may exist, and by examining the curve in the neighbourhood of 
that point, we can easily ascertain whether it be a* multiple point or 

not. * '# < * 

» „ <* * 

. 

Example (1.) The equation to a curve is (y ~ 2)*^ (aj,- l)*a? : find 
whether it hasa multiple point * *■ 


Since (y - ^) B (x - l)*a?, whoa x =?r 1, y ~~ 2, and; 


L 


dm ■ * 


?^iis+i „ “ „ iili, .v ± ( . 

2 (y - 2) 0 <£r y dx ~~ 
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»rr& tivmi&v ntfiSfrc iSi*. 


Therefore two briftiches outlie jni&yS 

and are inclined to a parallel to the ails of ifr'at 'todies #45* and 135°. 

♦ ! ' - . ; : .' vw - , , * 

Ex. (2.)« The equation to a ifi '&''*+ -F^ = © : find 

whether it has a multiple point/ % \[ ,’ ', 

- ■ ' i ■ ^ " i- ^ "' ' . 


»’ * ' 


dy 


K . ' >; £ 


, 3 A oar ~p + a# ■ ~ 

dif 2 a?/ a? — 4 ,t 3 0 ■ 1 m , ■ , ; 1 / a , , * 

tlx 3 ay 3 c— <■ ax* 0 


* f x -* e 


' 'i-sen — • 

ir~: o’ 



thi ., , «* 

= 0 : .\ --- == ± 1 and « 0. There is therefore a triple point at the 
tl ( ax 

origin 6f' co-ordinates, as in the figure. 


t Ex. (3.) The equation to a curve is (;c 9 + y*f =s 4a*x*y*i find 
whether ft has a multiple point. 

f ■ , ■ 1 ’* 

dy __ 4 a* xy 3 — 3 (.t? -f~ y 2 Y& @ 

dx ~ ~ 0 ; 

t Therefore^ a 9 ## 8 -» 3 -\-y~fx — 0 ; 

r <l i 
r • t 4fc«*«| ? y ** ’3 # (r 9 + ’Z) 2 = 0 ; < , 

(aj8>j-^3)8„ 4 a 3 x 2 y % (). 

therefore it is necessary that % =& 0, and y === 0, to satisfy Ihetee three 
conditions ; and the values of found in the usual way, shew that 
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* < » 

there is a quadruplegoint at the oroglo, and that the axes of co-ordi- 
nates are tangents to the different branches of the curve. 

• 

Let the origin of co-ordinates be taken as the pole, then r^r cos. 0* 
andy = r sin 0 ; +• y*f r® «r 4c 2 r‘ sin.* 0 eos. 3 °0; r 

2 a sin. 0 cos. 0 «=* d §ixu 2 0, which Is the pnlfcr equation to the curve, 
from which its form may fye easily .seen. ° ^ *> # 


Eat. (4.) The equation to a curve is (y~ cf (a? - 6), a:>& : 

find whether it has a. multiple point. 


dy _ (x-<t)*(5 __ 0 

2(y-c) ,0 5 

.*. = 0, when in — in. 

dx 1 


tt(-a¥{U>»^4a-6b) dy 
* dr > 


Therefore the curve has only one tangent 
at the point # sss a, Jr =2 c, which is parallel 
to the axis of x. By proceeding in the same 

manner we find that has both a positive 

and negative value ; therefore tho curve has 
a double point, as in the figure ; and the J two branches have contact of 
the first order. 



ISOLATE OH COtf jyQATE POINTS. 

5 

(185.) When a particular value of the absciss gives a real value to 
the ordinate ; btri the same value of the absciss increased or diminished 
by a small quantity renders the ordinate imaginary*— the point thus 
determined, being detached from the rest of the curve, is culled an iso- 
lated or conjugate point. , * 

> m * 

e r 

(136.) To find the conjugate points of a given curve. * * 


Let the equation to the curve be y —/(a-), and let x become equal 
to # i A, then 


/(ar + fc): 




fl* 

dx* €2 


dh f h\ 

± da? 1.2.8 


dSj _ h* 

+ dr* 1 \'iSA 


± &C* 
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When # ~ a te$y *=u 6, and the idifferential uo-effiwnt# he repre* 

( Muted H(|), (1?), ($),*«. then 

# C 

*±*>.-^(2)/* (2) ,n. + &) fa + * 

, I 

But /(« + /i) is imaginary by hypothesis* therefore one at least of 
the differential co-efficients must bo imaginary. 


Hence conversely, when y -- /(*) and x becomes equal to x + 
if one of the differential co-dficientb in the development become ima- 
ginary* when a particular value is given to a*, thetfe may be a conju- 
gate point. , 

* * * i 

9 4 l () 

(137.) When there is a conjugate point- ^ For the equation 


to the curve may be put undei the form 1" (j, //) ~ 0; 

t 


M 4 N 


At 


<u 



By differentiating a second tune, we have N 

* . 


d\ rf/ /( 7N dM 
th* + >h dt + tic ~ 



+ P=-0; 


jsj ,l *-'L 
dr n 


1*K- <1, and 


d«>f M 

dr ~ ~ N’ 


But 


• « 
one of thc f diffcrcntial co-efficients imaginaiy; it must have at 
least two values, since it contains a surd. Lot that co-efficient be 


d n y 

d*" 1 


then it may be proved, as in (131), that JS — 0, B =J 0, and also 


M — 0. 

dc 


M dy 0 ' 
N 1 ' *dc ~ 0* 


( 

^Example (L) Let the equation to a curve be ?/ 2 — *— (x ~ 6) ; find 


whether it hub a conjugate point. 



BtFiKREKiiAL oalcum;h* 


~ ± m d when 0, y =*0, andHhe cormpondtog 


% b a t * L • . , 

/=— * and 4- — wmph are bath ltnagm* 

V-i a* V - & 


values of ^ are 
dc 


ary ; *\ the origin of co-*rdi nates is a conjugate poiift! , 

E& {^) Let the equation to a curve be (jf ~ 3)J = (j* + 2f 
fa 4 1), find wbctfier it has a conjugate point 

V ~ ± <« + 2) {*■ + 0* + 3,,^ - ± 2(*+if •!***»- V 

j « • 

then y =• 3, and the values of ai ? + ^ ai *d ~ which 

• • 

aie imaginary, therefore the ordinates contiguous to Jhe point - 2 and 
3 have no existence ; it is therefore an isolated or conjugate point. 

Ex* (3.) Let (y 4 a)* « (*1? - &)* (it? - 2 b) be the equation to a 
curve, find whether it has a conjugate point. • 


„ __ (» - b) (3 r - f> &) 


a U 4 «) 


- ~ . Let x tz- b, then y ss - a, # 


and $ = !! «* 3 ' : * *; ( rf lV * 3 x - 4 b . - J ; 

* \C&/ 


tfr 0 


*\ = 4 %/ -fy which valuer of ~ arc imaginary; therefore the 

(M* w? 

point (6, a) is a conjugate point* • 

•• 

Otherwise, let £ 4 & be substituted for £ ip the equation to the 
curve, k being a very small quantity, then the values of y are imagin- 
ary ; therefore the point (£, - a) is detached from the rest of the curve, 
and is therefore a conjugate point. • * «« 


T 
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DIFFERENTIAL 


POINTS OF MAXIMUM OK MINIMUM OURVAXdftfe. 

& * i ’!•'.* 

(1§8.) It appears from \l 1 9) that g s=r — ^ — , when x i$. the in- 

t r } . , f. “ 9 ■' ( 

"dependent variable/ If therefore such a vJdue fee tfeilgned W shall 

* < . . '** - '■ ‘‘ , ,* 

‘ 4 > 1 ■ V ’ 

render y- = 0, or = ot, then, according as is positive or nc- 

(IOC 


<ix 


da? 


gativet the corresponding point in the curve will have its radius of 
cufvatur^ a miuhnum or maximum. 

■ V • 1 , , *,*V 

It is obvious that when {he radius of curvature is a maximum or 

minimum, the curvature itself will be a minimum or maximum. 

* 

c 

Example (1.) The equation to the Logarithmic Spiral is y ■=* a* y 
find its point of maximum curvature. 


fly 1 d-y v (1 + d* T (log. a) s )$ 

-f- = oT log. a, -y sc a (log. a) 2 ; g - ; 

1 ofo 2 v ° y 9 * ~ a* (log. af 

* * 

* 

_ (J - 2 a 2 * (log. a) 3 ) a* (log. af (1 + o £sr (1°£* a ) 2 ) 4 
dx 


a 2r (log. a)* 


0; 


, *1 1 , . ■ d*Z > 

/. a 2 ' ~ y 2 = n-rz T2 ; /. y « T ; and because is po- 

2 (log. ay * 2 3 log. a dur 

sitive, g is a minimum, and consequently the curvature a maximum. 

‘ 4 ' ■ 4 

v x 

Ex. (2.) The equation to a cycloid is y = avers/" 1 ” + V 2 ax-zri 

find its points of maximum and minimum curvature. 

* ' 

dy __ /2 a - aA* d*y __ a 

'dx ~~ \ ’ ) * dd* ■ • 
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' ■ (**&)' -;V • ' '"2 

+'• i — (2a -a?)*; and when # == 0, and x s= 2 a^ 

y = 0, and y = 

It henceappearg, by tlTe usual, test, that th\ curvature is a minimum 
when a? =s= ; 0 y 0, and a maximum when a? 2<a y andy =» era. 


THE TUACIN^ OF CURVES FROM TRElR; EOLATIONS. 

;# \ 

(139*) To trace a curve referred to rectangular co^rdinates /rom its 
equation , • # 

’ - Vf<* * * , •. 1 * ' 

(1.) Let the equation to the curve bo reduced, if possible, to the 
form y =p f (*). 

• v I 

(2.) Substitute all possible positive values, from 0to<x, for x y and 

observe which of them render y t= 0, y =sr ^ , and y imaginary. 

* 

(3.) Substitute all possible negative values, from 0 to « , for x, and 
attend to the corresponding values of y as before. 

, • • \ ' 

(4.) Ascertain if the curve admits of asymptotes, and if it do draw 
them. 

* . 

dy * * 

(5.) Find the values of — , and from them find at what angles the 
cur vjp, cuts 4he co-ordinate axes, and its maximum^and minimum points. 

(&.) Find the values of ~ J, and ascertain from them when the curve 

• * * 

Is convex and concave to the axis of x * 

(7.) Find the singular points of the*euhre by the rules already givMt 1 * 

# ' , ' U ' ' ' ' C 

Example (1.) Let y 2 cr 4 at£ be theeqqation to a curve, it is re- 
quired to trace it. 



US 


OlFFKItFXTIAL CAUrfMfe- 


f JZi ± % & A # 

*=®!>r®' 

« # 




ir « 4 a t y ^ 4[ 4 <*. ^ 

i 

» # 

X ss: oc, y =sj: oc. ^ ( 

it = - a, y = ± 2 « \/ - 1, 


B 


, «* _ 
^ r - S T ’ ;&j “* + 


a* 

aar*' 


- 7 ^ 




x 


■ ^ » 

Therefore the curve passes 
through the Origin A, and as 
y has two equal* values with 
opposite signs for each positive 
value of x , the axis of x is a dia- 
meter of the curve ; and since, j 
when x ss «*, y = «, the 

curve has two infinite branchy, A F Q and A H L, one on each aid* 
of AX. 

When x is negative, y is imaginary ; therefore no part of the curv< 
corresponds to negative abscissae. 

t c 

A . a* 

Again, since -f* =*■ ± ~ = pr , when at s= 0 ; .\ the curve cuts 
dx j* 

d*w 

the axis of or at right angles at the origin ; and since ^ ’*= j~jj 

|jL * f 

the value of *rv* is negative when ?/ is positive, and positive when y i 

o 

negative j /. the curve is* always concave to the axis of x. 

Ex* (2«) The equation to a curve is a*y «= ar* it is required to trac< 

"Tft 






no 


mWteMimAj cAXtCviv* 


y la: £ x 


t** a - x 


• When 3 p= 0, s 0, ,\ the curve parses through A, the origin of 
co-ordinates. When .r is positive and less than *7*, i/ has two equal 
values with opposite signs, c ^nd when m *x a, y ^infinite ; .% the ordi- 
nate through * V & an asymptote to the curved , 

« r 

When x is negative and less than a, y has two equal values with 
opposite signs ; and when x j=s= - a, y -- 0, .\ the curve passes through 
B ; when cr> - a, y is imaginary, and no part of the curve lies to lie 
left of B. f 


fly a fl *4|- aa - a* la + j 

dx * a? - i 


Hh 1, when a? a=s0; the 


curve cuts the axis of x at the origin at angles of 45* and 135°. When 

jb 

j =s - a, ~~ 00 5 the curve cuts the axis of x at R at right 

angles. < 


_ o s (2fl + ^ 

* <K ~ (a - «) (a- - a*) 1 ' 


, which is positive when y is positive, 


and negative when y Is negative j \ one branch has its concavity up- 
ward and the other downward. 

< 1 

« 

Ex (4.) The equation to a curve is xy* + 2 a*y - j z ~ 0, it i-, ie- 
quired to describe it. 


1 « * 

• V (/+ v* o. 


expanding (1) in ascending powers of and taking the upper 
*#ign, we have 


7* J j* 

V s * * .* - &0 * 


*2% i 


( 8 ) 



tMSXKl'KJSOAL HJAW'VitJ*. 



Taking tlie l$wer sign, we haws , ' 

J * 

* * 2 ti* / & t $ \ . 

* * * v - (*? - $: r.i s* + &c *) < 4 > 

# * 


Expanding (1) in» descending powere^df a, and taking the* lower 
sign, * \ * • 


jr * ♦ 

r 


«* 

a 



2*. iTal 8 ^ 40 ') ^ 


In (2) let a* ?ss 0, then y sss 0, *iud y « - do. 

# 


l 



In (d) let a> be hie teamed positively, then if f be small, the fn^t torn* 
of tlu* series is ereatei than the sum of all those that follow it, . . y i» 
positive, and when i ==■ oc, y =- or j .\ this biajch of the curve lies 
cTitirelv in the fast qmuliant, and extends to infinity, it is repre- 
sented by A V ft. * • * • • * 


111 (o) let < = then y = - o© ; and* ki ( 1 ) let .r=xO, then 
y = - on ; .\ this binnch of the cmve lies eutiicly in the fouitli quad- 
lant, and extends to mimity. It is presented by jfzw. 


it is obvious that the negative values will bo obtained by substitut- 
ing - j and - y for 4“ # and + y in equations (2), (3), ( t), and (5), 
and as these equations will remain unchanged, the opposite quadiants 
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IM 

are eyfi&netnc&l ; th« invest! gatk>ns of the forms^f the curve in 
the .first and fourth are sufficient. 

• 

• "When ® r = 0, y rt - « ; the axis of y is an asymptote to the 
curve in the fourth quadrant. Also, since « 


a* r ' ‘ /, J 1 V 1 * «* , A \ , 

y= - 7 ±s(l - 2 rr. S + &c.j,when 


ar ns «, 


yn+J, which Is tlierefore the equation to the asymptotes LM and 

NO. 

. 1 j? I < x J d# a x* 

Agmn, since y = g o , - ^ flB + **. Tx - j* - 


7 j» 


2* . 1 . 2 a< 


c f-f* — 0, %\heu -c = 0 ; . the axis of * is a tangent 


to the curves BOA and be \ at the oiigin i 

Also the minimum values of // in the second and fourth quadrants 
are J , a ^ add - a ^ 3, which correspond lo the points Z and z I 
and by the usual process it appears that there is a point of inflexion of 
the branch BO Ab at the ongin. 

* * 

( 14 Q.)‘ To trace a curve referred to poiir co*oi dilutes fiom ite equa- 
tion. 


(].) Let’ the equation to the cuno he lcduccd if possible to the form 
r =• / (d) ; and take a point for the pole, and a line diawn through it 
for the axw fiom which 0 is to be measuied 

(2*) Substitute ±ur for t», which will detcimine the points in which 

the cucve cuts Chq axis. f r 

' < 

« », 

(Ik) Substitute ± £* (2 n •+ 1) *r for 0, which will determine the 
points in which the radius vector is at right angles to the axis. 

Find the valuer of A which render r a maximum oi minimum 
„ <7? 

from the equation ^ — 0 



)>U mWFl'XM* CAIX UnAM, . 

* *t / 

(5.) Find nHther the cam admits «jf rectilineal nr oiamlar 
totes. 

♦ * 

{6.) Determine the singular points of the tshm jbythe rules already 
gi^en. • • 


w 

\ 


Example (1.) The equation td the cardioJ^ia r =ss tf(l + cos. 4) : 
it is required to trace it. 


* 


(E) Let Hh ~z d, 

n =. 0, then Q *. 0 T and r =» 2 a zz ^ M ; 

# 

f? = 1 , then 0 =■ ± * ... r j=s 0 . 



(2.) Lot ± i (2 /i + J) 'T ^ 


n = 0, then & -=? i . and r -= a ; 

* • 



» * 


The curve te therefore of the form in the diagram, the point P being a 
cusp, and PQ or PO' c= un • . * 


Ex* (2 ) The equation to the lemniscata of Bernoulli is r 2 «= a 5 cos* 2 ♦$ 
it is required to describe it. * 



}*!Wi$ftK*TMX, cauwi 
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(1 ) Let 4 Wff sc 0. If 

• * 

n ar 0, then d =& 0, and r a* 4 a I'M or PM' ; 
* 

n»s= 1, then & =s= 4 at, and r =s 4; ct. 


(2.) Ut ± i (2« + 1) <r = 4. 

i \ 

n “ 0, then 0 as 4 , and r ^ 4 a y/— 1 j 

3 <T 

t n=l, ... 0 — ± — , . . . r = 0. 

C 

• f® 

. Also, since 20 = cos.‘ 1 when r s= 0, 20 a= eos/”* 0: 0 rr 45< 

* * or 7 

* ■* 

or 135°. Consequently the curve cuts the axis 'M M at P at these 
angles, and it is obvious that there is a double point at the pole* 

c 

Ex. (3.) The equation to a curve is r =. a sin. 2 0 : it is required to 
trace it. 

(L) Let ± n v tu 20, then r 
as 0* when 0 ^"O, 4 = i 

0 =c= 4 *i and 0 a= 4 

« 

* * ** 

** When 0 =a 4 2<r and upward, 

the same values recur. 




4 
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(2,) Let ± h (%n + 1 ) * =» 2 then r ~ ± a when 6 = ± ~ 

4 

/== i "jp * *“ ± ~, * == ± y - When ^ ± “ and upward, 
the same values *ecur % # # 

It is obvious, therefore, that the curve has* fo^f loops aeTn^the figure, 
and that there is a quadruple point at the pole* 

• * 

* Examples fob Practice* * * 

(1.) Prove that the curve whose equation is = x 6 Jiae a point of 
inflexion at the origin. # 

» • 

(2.) The equation of a curve is a 8 // = 3i.r*,- a: 3 : pro # ve that the 
2 £3 • • * • * 

point x=. b y y -= is a point of iuflcviofi. • 


(3.) The equation of a curve is y 3 =r - a 3 : prove that the points 
x = 0, y == — a, and x = a, y = 0, are points of inflexion. 

(4.) The equation of a curve is (y - xf = a 9 : prove that t! c origin 
is a cusp or point of reflexion. # 

(5.) The equation of a curve U (y - b) 2 ~= ( j - a) 8 : prove that*tbe 
point oj s= o, y a A iqa cusp. 

(G.) The equation of a curve is, (2a + // - ar 2 ) 9 = (a? - l) 5 : prove* 

that the points =■ 1, y =. - I, is a cusp. # * 

• 11 

(7.) The equation of a curve is (a 2 a 9 )# 9 =■ (a 2 + prove 

that there is a double point at the origin, aud that the branches cut 
the axis of x at angles of 45* and 135 w . 

• m 

(8.) The equation to a curve is ay* = bx* -f x* ; prove that there is a 
double point at the origin, and that the branchfifcs*cu£ the axis t>f w at 

angles whose tangents are and - - 

• * 

(9.) The equation to a curve is f = (- — -) r * : prove that the ori- 

\Q “■ X/ 

gin U a conjugate point * 
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(10.) The equation to a curve is #* ~ (.r + !)(#- 1 ) 4 4* 1 : prove 
that the points x =s. - 1, # = ± 1, are conjugate points. 

r 

(11.) Ifiie equation to a curve is y~ b =* (a; - a) (A : prove that 
y #* W 

the Curvature is a maxiny.ra at the point x = 0,^ 5= 5. 

7 ' ■ ... 

(12.) The equation of a qurve isx 4 -f o 8 ^ -f = 0 *. it is required 
to trace it. 4 


(13.) The equation of a curve is y* - 2xy +• 3^ - 10*r -f- 12 e» 0 ; 

it is required to trace it. r 

<■ * 

t 

(14.) The equation of a curve is xy = a {x + y ) : it is required to 
trace it * 

i J 

• t* ' 

(15.) Twice the curve whose equation is r = a Cos. 0. 


(16.) Trace the curve whose equation is r =. a tan. 0. 


(17.) Trace the curve whose equation is r ~ 2a 


sin. 3 0 
cos. ~0 ’ 


(18.) Trace the curve whose equation is r s=t 


sin. s 0 
oos. 0 
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CHAPTER XV. 


CURVE SURFACES AND CURVES OF DOUBLE CURVATURE. 

» 

9 

TANWENCIES and differentiation OF VOLUMES Amt 

k * 

SURFACES. 

* m 

1 

143.) When a curve surface is referred to three rectangular axes 
of co-ordinates, its equation is in general of one of the forms & = 
/ (*,.y) or/(jr,y, *) — 0, where a?, ;/, and z are the co-ordintftes of any 
point in it. 


(142*) To find the equation to a plane touching a curve surface at 
any point- * 


Let & — fix,!/) equation to the curve surface, ayd z — 

Ax + Ity + 0 that of the tangent plane. Then since at. the point of 
contact ,** r= Ax + B</ + C, wejhave z ~ & s= A (*' - x) + B (y - y). 


(1 .) Let a plane pass through the point of contact parallel to the 
plane xz 1 then we have t v = / for the intersections of this plane with 
the tangent plane and curve surface ; z - r = A (a?' - #.) But since 
the section of the tangent plane must be a tangent*to the section of the 


dz 

curve surface, we have ^ = A ; 





(2 ) Let a plane pass through the point of contact parallel to the 
plane y z, then * =* x' for the intersections of this plane with the tan- 

§ dz 

gent plane and cum surface. .•.*'-£ = R (V - F). and ^ R, 
as in (1) ; .\ / - * «• ~ - sO- Hawa J. (*' - ») + 
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j ~ ($' - y)f or $ - z c= p (x - w) + <7 (y' - y) is the equation re- 

ay , 

quired, p and q being the partial differential coefficients of z, obtained 
from the^qeation to the surface by supposing y and x respectively con- 
stant / # 

/• 

(143.) *¥0 and the Angles which a plane touching a curve surface 
at any point i^akes with the co-ordinate planes. 

« * • 

Let a, /3, and y be the angles which the tangent plane makes with 

the planes y z, x z } and j y lespectively ; then since x 9 y, and z are the 
co-ordinates of the point of contact,' wo have x cos. a -f- y cos, ft -f- z 
cos. y = a. (Vide Waud's Algebraical Geometry t page 211.) p **= 


(h cqs* a *dz 

DAO ^ 


; /. 1 + p* + V 9 - 1 + 


COS. 2 a cos/ J /3 1 1 

-4- S= 2 ; *\ COS. y =- - — tr ** -,COv«s: 

cos. 9 y * cos. 2 y cos. 2 y v 1 4. ^ 4. 


- - 1 , and cos. =. - ^ .=^ . 

+ P* + S* , ^ + P* + </ a 

(1*44.) To find the length of the perpendicujai from the origin on the 
tangent plane. f 




MFV£ttUNT!AL CALCtJUJS. 


1 5 '^ 

\et A be the origin A X, A Y, a$d A Z be the rectangular co-ordi- 
nates, and L MJN the tangent plane. * 

• • t . 

Draw A P perpendicular to the plane L 51 N and job* M P^ . / 

r> V 

It can easily be demonstrated by elementa^\eometry, tjjat the angle 
51 A P a the angle which the plane M N L maWte with me plane 3 Of, 
which is equal to y. But AP = AM cos. M A P, and spice the equa- 
tion of the tangent plane is z' - z » p{x - + # (y»-* y), when x = 0 

and ij 5= 0, we have / = A M = : - px - qy ; A P P a 

z^JSLrJL \ . . . \ ; > 

^r+p^+</‘ * \ 

J " :> , 4 

(145.) To find the equation of the normal at any point in a curve 
surface. 

•» 

Let x =5 a *' -f and ?/ — (5 / -f- be the equations of*the pro- 
jections of the normal line on the planes of xz and y z respectively ; 
then since the normal passes through the point x, y y z, these equations 
become x = a z -f* a, and y = fi z + b ; x - x = a (z' - z\ and 
y - y * = |3 (V - c). But the equation to the tangent plane is z' -z = 

^ (#' - x) + % (y - #), and since tho normal and tangent "are at 
dx oy s J 


right angles to each other, we hav<2 a + ~ = 0, and 0 + ~ = 0. 3 

\ 

Substituting these values of a and $ in the equations already found/ 

* ^ 

we have a;' a? -f- — (a — r) =» 0, and ^ ^ ^ ( z - *) = 0, 

* * » * • 

• * J 

which together determine the normal. • • 

(146.) To find the length of that portion of the normal intercepted, 
between the surface and any of the co-ordinate planes. 

Let x, y\ s he the co-ordinates of any point in the normal, and x, 
</, z those of the point where it meets the surfaefe, then 
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d — \/ (x -xj* -f (y -i/f {z'eZyf— (VTauc/’t Algebraical Geome- 


since 


try, pa|e 202) = (*'-*) 7 1 + (7E7) + (/_ f) • But 

r - * 2 

ac' - .)• -h d ^*(z - t)/= 0 (145), (j.jy) = • For a similar 

reason C-:IM£)’ d =(^-W ir +{£j*+ (§)• 

Now at tlie point Where the normal meets the plane of £//, » 0 ; 

r 

••• d — 7 1 J+ = * \/ 1 + J >a + 1* if thc si R" 

fi < 

be neglected. 

In a similar manner it may be demonstrated that if d ' and of" 
represent the portions of the normal intercepted between the point in 

the surface, and the planes yz and xz ) we have d* ~ \/ 1 + p u + <J*i 

P 

and 1 + /?* + 


Example (1.) The equation to a curve surface is xyz = m 3 : find the 
equation to its tinge nt plane, the intercepts on the co-ordinate axes, 
and the volume of the pyramid included between thc tangent plane 
and the co-ordinate planes. 

c 

’ m 3 < dz ^ in 3 z dz z * 

xy’ ’ dx < 'J?y ~~ x' dy ~~ y ' 

1 C 

(«•'- 4 h* u' - j: ) y* + Ui - y) xz — o, 

z'yj + y«!% -+®s‘a^ = 3 xyz ; 

JJJ* yy* 

^ = 3, which is the equation to the tangent 

plane. 6 



« DIFFiUitNTXAL C4U't7U78. 




Again, the intercepts on th<^ co-ordinate axes x* 0 3 = 3 = 3 y 

and z\ as 3 £. • 


Also the volume ol the pyramid include!! between the tangent phun 


^ jAk»MV {) 

and the co-ordinate planes is equal to = - rr- . 

* 4 * 


* , /* J • y 

Ex. (2.) The equation of an ellipsoid is ^ + yr — 1 ■ fine 


the equation of its tangent plane, *ho intercepts on* the axes, and the 
length of tlie peipendieular fiom the migin on the phmo, • 

• • 

( “ y ( ~t • • • 

p - ( J, <1 Substituting these in tBe equation, 



-y)» iUld ' - H 




1 ' , '/'/ 
,/» ^ h- 


+ 


y~ Jl 

> 4 * f J , which Is tin, equation oj 

a 2 h- c~ 


die tangent. 

# 

Let // and 


js 0, then . In a similar manner it appears that 


y — and r =ar - . * 


« 

A ho, since P 


«« ^ b* 


-h 


S -VI - <? '/ 
^l+F+V 



• * 

V t 


1 

P* 


Ex* (3.) The equation to die hdi^&ld^ gauche is j eo£ 



x 



m 
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y gin* — 0, find the equation to Its tangent plane, and par- 

, pendicular from the origin on that plane. 

* 

* 'tdkfffl- V «*• (^) = °>' sin * f~r} =3 v^"+^ ; 


X- 


* = ^r 9in - 1 P - £”• X ^T?’ and s *“ 2r **,+:>*’ 


A y / / . * A a 


••• /-*=/>(*’-.*) + » (y' -y) = air jr^ryi (•*"-*) “ jr^. 
<, ' 
(/-y); k(rtf-yx) -fc 2 r (.r 2 + y*) / = 2 <r (a® + y 8 )*, which ife 

C * . * 

the equation to the tangent pla.ie. 

z -px-q y 2 c (zr+i/fz _ 2 _ 

f “Also p =^T+>+? ~ (**+? ** O^+y 8 )) 1 ~~ (A®+4A>)* 


when r =-= *S x* + t y*. 


Ex* (4.) It is required to draw a normal to an ellipsoid, and to fiud 
the lengths of the portions of it intercepted between the surface <*f the 
ellipsoid arid the co-ordinate planes. 


** , f JL ** - 1 ‘ 

r * + m + A “ 1 ‘ 

0 

dz _ Ac oc Ay . 

*'• Ih ~ 7 <*“*’ dy ~ ~ 

— ^ * ' ■’ 

V c ** * , a 

* t 1 i • 


Again . = a \ / l-t-f’+S* (1*>U = a* a^i 4 ^ A ~ 
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10$ 


In a similar manner it appear^ that 

• • ,, aP , i 1 

d ~ p - ’ an< l d = — . 


(147.) When a generating point notwnly continually changes its 
direction, but also the plane in which it*moyes, it dedbrj^es a curve of 
double curvature. * 

• . 

(148.) To drato & tangent line to a curve of double curvature. 


Let y = /(x) and * = p (a-) .be the equations of the projections of 
the curve on tbc planes of a-v and xz respectively, and x\ y\ z' the co- 
ordinates of any point in the tangent line, then the co-ordinates of the 
projections of this line, on the planes of xy and aw,*wiH be x’, y T and 
x>, z‘ ; and since the projections .of th# tangent are sbdgenta to the 

projections of the curve, we have y' - y =» ^ (x - x) % and / - c =a 


(x - x) which are the equations to the tangent line at my point of a 
curve of double curvature. 


(149.) To find the equation of the normal plane at any point of a 
curve of double curvature. » 

Let z =a Ax + 13#' + C be the equation of the norqjal/tMh, since 
it passes through the point x } y 1 z t we have 

z = Ax + By -f C, and|.% &* = A (x'-op) + B (y'~y) j 

» 

and when sf and y' are made successively sat 0, we have 

A z * 

g- (x - a)- g, and z' - * = A (*' - a) - By, for the equations .of the 

* , * . * . 

traces of the normal plane *on the plaDds of xy and as e respectively. 
But these traces must be perpendicular to th» lihes, whose equations 

arey'-y = ^ (x'-x), and z’-z (fr'-a?); and 


A SB 


dr 
dz ' 


B so 
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Hence r' - x -f {y' - >j) *— -j- {s' ~ is the equation to tlie 

normal at dy point in a curve of double curvature. 

* / ' 

Exami-le (d.)'The equations to the helix are ica eoa. ~ and 

y -= a sin. “ : find 'the equations to its tangent line And normal plana 
ut the point x y y* z. 

% = -\ Bin -> = - 1 ; ,•*• * -*(*' - 

c * , , 

, " < 

do a z x , x , , . , . , / , * v r, 

& * •'■ y ~y ~ fri* ~ *•) & -y) - * (•- - *) =0, 

e> 

which are the equations to the tangent, and xy - /y + h (z - c) * - 0, 
is the equation to the normal. 

Ex. (2.) A curve is formed by the intersection of a sphere and 

tdlipsoid, it is required to find the equations to its tangent and normal. 

*• %■> 
c 

yi ^2 

Tlie equation of the ellipsoid is— + + -- =1, and of the 

IP/* b‘2 9 

sphere -r 3 + y a + r ~ r 2 ; f = } r - , and y* = 


f*- • 




i>° - r l> 0 n tf.* _ « 2 k 2 - c a * 
<ij c* a* 1 ** x 


-/•*^ a + , ~ 3 , and 


* . * 1 . , tfv b 2 c s ~ a* z ^ , . 

In a similar manner it appears that ^ s= ^ Ity substi- 


tuting these in the equations Jto the tangent, we obtain 



. *' , inm^JSNTrAt CAT-CUI,U£. ' '■ • 105 

"Again,* th^pquation to the normal is 

’ ■ ;» ti '■ «■'? ’ 4,, *.k-r , •' ‘ 

• a* + b % cj ($?*%*) =*» *X 

1 . , f ' ‘ f ;.j '■ “ * '' ' ’ . ’7'* ' • . * ’ ■' ' 

( 150 i) tSo find the (fifferentials of the volVne and surface of a solid 
bounded %y coordinate planes, and a curvft surface whrme % *e<iuatipn is 
given.',/ i 

* . 

*■,/(#, #)he the equation of the surface* then # = £>(£, y) 
will be that of the volume of the solid DFRNMfi P. 


Let w and y beeome equal to x + h and y + k respectively, then 
the increment on the solid is Contained by the parallel planes 1£ Rst 
and frnp, and the parallel pianos P N ME and tsm <3*~ . * 


«*+«*+£! 

dx dy a?; 2 1 


h* 


+ 


d 2 V 


2 % lx dy 


H « d 2 t? 

+ T 


ifc* 


+ &c. (1.) 




Let x alone vary, then the 
increment on the solid is con- 
tained by the parallel planes 
P N M E and tsme, and 


; 'l?A + --?-_ + Sbc. (2.) 

(lx ^ dr* 1.2 T K ) 


$ 

But if y alone vary, we hav^l 
the increment on the solid con/ 
tatned between the parallel planes 
FUN P and fru v y and 



db 

dy 


d*V Jf 
dy* 1 .!> 


r. fT> + &c. # 


(»•). 


m w 

By subtracting the 3 uih of (2) and (3) fronf (1), W0 have* the solid 
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*■ 

But in a limiting state, the solid^ul is a rectangular paw^elopipfed 

i 

dtdy ’ r « ^ if 

• t * 

If we differentiate also iti regard to z, we shall have d z Q a= fkdydz* 

If S = the curve surface, D F P E, we shall ftave in a similar 
manner « * f * 

d*& the surface Ifrvflt 

r J^T + 2=5 * rr~~ ~* 

dr % dy ftk 

* <* 

But this surface in a limiting state coincides with the tangent plane, 

and is therefore equal to the base Nun* x secant of the inclination of 

c 

that plane to the plane ary. But sec// =2 - =* \/ l + p* + <}* 

' * __ 

(143) ; tHp tangent'plane = h k \/ 1 + p* + 3 * ; = 

v/i + l> a + <7*1 and d*S « dy y/ 1 -f p 2 -+- y*. 

If we (differentiate also in regard to z, we shall have d 8 8 = 

— ^ dx dy dz % r and t being equal to ", and *{ ~ *espec- 
Vi + p fl + f 2 <^ 2 <V 


(151.) To find the differentials of the volume and surface of a solid 
referred to polar co-ordinates. 




wwirRESTiAi. tju.ctnt.cs. 

Let Q R$hd £ir he pbrtions of eOnc&atric Sttffeees Intercepted by , 
flmeiB passing through the axis of z perpendicular tp the plane of 
and the planes A PQ and AES pcrpendiculap to the former through 
the origin A, the included angles being indefinitely smal^*in each ? 
case* l*et APa r, I^AP fc= 0, and X A*N at p.* Draw PM per*' 
pendteular to A I* aadjoin M Q, then PQ^ P M4p « r sin. faff, 
PR as r d 4 and Fp » dr, • But the solid Pa which is represented by 
as PQ x PR x Pp in a limiting state z* r* 4 dr di dp. 

• 

It also appears tlfafc the surface PQ&R « d*S =a* r® sin. 4 d4 dp , 

.*. d 8 S s=> 2r sin* ^ dr dtf dp. 

(152.) To find the differential of the arc of a curve of double cnrva-» 
lure 8 ^ 

• . # 

* • 

Let y a= /(<) and * a p (r) be the equations of the projections of 
the curve on the planes of cy and xz respectively, and when $ becomes 
equal to a -f A> let y =• y + and z css z -f I, and let r « the chord 
of two consecutive points in the curve, then r“fc= -f ** But 

since// - f (x\ 


l =5s H ^ , A, + &c. For a similar reason 
ac fU* J.2 


(Iz ( 1*2 A 2 - 
,=t **'*‘ ^ 1.2, + lfec - 


•• * -'+(£)' + (17 +)** *+«■ + &=. 
Bu ‘ (*)' r ““ 01 i ” 1 + d)" + (l)‘ : 
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e II a p t e it x v L 

f 

OSCULATION AN!) RADIOS OF OUftVATURL. 


(153*) To find the conditions jieccssary to tbo different orders of 
contact in osculating curve surfaces. ^ 

Let z ri f\x, y) mid / as <p (j \ // ), be the equations to the two 
surfaces referred to the sane co-ordinate axes, and leta* and / become 
equal to 'J + h and x + h, and y and / - = y + k , and *4* & respec- 
tively, then tlv5 new values of z and z arc 


0 

ch 


ax dz 1 (d*z d*c d*z \ 

/ + * + Jy k + 2 U* + 2 diedy Uh + k ~) + &C 

1 (d-i 

: iU- 


and / /<? " ^ 

flU' 


rf*/ 


/<S + * f Jy H 4 V* + ** 


&* A + /> A + # k -J- ^ (r /r -f *2 n A /c --j t< /r, ~|~ Ac. 


ami ^ !/ -j- P A ^ Q & ( + * [\\ k» V 2 t* h k + T k u ) + Arc 

V 

Let the surface whose equation is c . p (,/,//') contain a certain 
number of constants, and let the value of one of them bo determined by 
the conditioner =* c, ^.nd substituted in the original equation, then 
x r =s .r and — //, and the two surfaces will have a common point, 
x, 5s* Let two mother constants be determined by the conditions 
P ** p and g a» q, and their values substituted in the equation z' =*. 
f (a/,/), and the two surfaces will have contact of the first order; 
and if three move constants *be determined by the conditions R = r, 
and T *=? f, and their values also substituted in the same equa- 
tion, the two surfaces will have coiitact of the second order. It hence 
appears that contact of the first order requires three disposable constants, 



4 wimtirtify 

* * ' * 

mid contact of the second order agc f contact of the • 

4 41 

. 4 <* +\'J) (® + 2) ' 

require ■ V ' constants. 


Exampob ( t.) To tho order of contact which a given plane auty 
have with a given surface, • .* 

Eet / — A j -f- By' -f (’ (l) be the equation* of the plane, then • 
since it passes through tho point •>, y , • 

- -- A r -J- liy + C. (2) 


A(/' - *) + li(y' - .(3) 


A - P, and _ B - Q, from (1), 


f/w elz * 

and ^ A =r ^ and ^ - 1 * from (2). 


. P ~ and Q ~ q, and equation (tt) becomes 

• 

z - * - (s' - *) + y (y' - y), which is the equation of a 

tangent plane already found a tangent plane has coqtafl^ of tile 
first ordei with a given surface. * 

V.x. (2.) To tind the degiee cl' contact which a sphere yiay have 
with a giveu surface * *• 

** 

Let (a ~ m <*)* + (y - S) 2 -f (z - yf =r ¥ be* the equation of 


the sphere, then ^ 


z r y * <ly z - y 


But since the sphere passes through the poini x, jf , z t we have «' as z, 
I’ — p, and Q = q. 


(r - ay + (y - /3)* + (r - yf fct a®, 
a* - * +/>(*- 7) = V 
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y - J® + ? (* - 7) =x which equation® enable ns to 

determine any three of the constants a, # , y, & « 

* 

f < 

The last two of these equations aye those of £> normal at the point 
x, r, whose current co-orcjinates are a, & y. It hence appears* that 
the centre of the sphere r is always in the nohnal passing through the 
point of contact. < 

* 

t i 

It also appears, that since the equation of the sphere contains four 
disposable constants, and there are only three equations for determining 
them, the number of spheres which may have contact of the first order 
at a g»ven point, in a given surface, is infinite. 

* , r 

(154.) To^nd the radius pf curvature of any section of a curve sur- 
face made by a plane passing through the normal at any point. 


Let A, Jhe origin of co-ordinates, be the point, and let the normal 
coincide with the axis oi z. Let 
any plane pass through AZ, and 
let its intersection with the given 
surface be A ft, and, with the 
plane of 27/, AT. Tlion, since 
' X AY is, a tangent plane to the 
curve surface at A, the line AT 
is a tangent to A B. Let AM 
Zt, and MN = fr, be the co- 
ordinates < if N. Draw N P pa- 
rallel to A Z, and ’let N P = /, 
and AC - g the radius of cur- 
vature, then p ==. the limit of 
AN® . + 


NP, 


£ the limit of 


l 



But l == p h -f q t + % (r h* ‘2 s h k -f tic 2 ) -f &c. ; and since 
the plane of x y is a tangent at A, p = 0 and q ~ 0 ; e = i the 


5 (•+(!)■) 
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17 i 


* ^ 0 __ 1 

r -j* $7t£uT d -f f tau. s d ~~~ r cos. a 0 + # ^ s cos. 0$in. 0 + * khi 2 & 

• ' ^ 

where 0 =x the angle which the normal section makes with the? plane of - 
xz* ^ % 

1 * 9 

• £ Q 

Co& tet «' = the radiils of curvature of a ^section inclined to the 

plane of x z at an angle of 90 0 + *, then m 

• 1 _ i • 1 __ r , t ^ 

* rain.* 0 - 2s mu. d cos. 0 + J cos.* $* ' ' t { 

a constant quantity, • 

• . • 

(155.) To find the normal sections of greatest: and least* curvature at 
any point of a curve surface. % * 

1 

/* cos. 0 () -p* 2 a cos. i) bio 0 + t sin 0 tf • 

Let u * then **][ =- 2 r sin. 0 cos. 0-2 s sin. 2 * -f 2 5 cos. 9 0 

o 1 </0 


-f- 2 t sin. 0 cos. 0 0 , 

(t - tan. 0 + s ( 1 - tan 2 0) -- 0 , 


and tan. 


t - r ^ — 0" + 4 

tf 2 s i. 


• • 
» * 


«0> 


9 

The upper sign gives the value of 0 coireSponding to the greatest 
curvature, a#d the lowei to the least ; then, if 0 / and 0 2 represent these 
values lespeetivcly, we shall have fiom (1) tan. 0 t tan. 0 A = - 1. 

* * » . 

* * • 

But tan. 0 t tan. (90 + 0 ) • - 1 ; .\ the sections of greatest and 
least curvature are at light angles to each other* 

i . , 1 + tan.-’ 0 . 1 + cot. H 

Agam,wehave f = ;+ ^ Uu>()+naii ^by(l^)= ; - ot> — 


l 1 -f cot. a ^ 


(r cot. 3 0 *f 2 s cot. 0 + t)* But Bince ( t - r) 



m 
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W 4 + * (1 ~ tap.* ; 0) ==>0,^ =•* ta£. t - * oft*. 4 «■!•>,} ,\ ' j m 

' 1 ' <1 t I 


ry^t ^i $ f^* wt * ^ + * (t«. ■(» + pot. o) ) ** t + * 


5C£ 


i * * 

1 - 4 ♦ 


r + 


<-f+ V^r-yy _ * j-r ± J^(t- r 5 FH> 


. a • 


Hence, if 


f, and it represent the radii of greatest and least curvature respectively, 
we ajball have 

*• i 

« 3 , 4 * 

e *-tp — * — 7* — ta&tt ana * 2 «* - — V- ’ — “ — * 

* + r* r V(* ~ % t)* + 4 s* / + f+n^r) J + ^ 

*i * 

(15G.) To excess the radius of curvature of any normal section of a 
curve surface in terms of the radii of curvature of the normal sections 
of greatest and least curvature. 

Let the axCs of and y be taken in the planes of greatest and least 
curvature, then, since (f - r) tan. & + s (l - tan® 0) = 0 (155), 

s = *0 ;«*/.«£, =— \ and * ; and if a normal section make an 
r * < 

at.gle p with the plane of as e, we aba|l have 


, l + tan.® p _ __ «ec^ p_ _ 1 _ 

* ? +2 » tan. p + t tan.* p ~ ?tan. s p-{-r _ fsin^p+rcOa/p 


__,i _ J, ft_ _ 

l* ; ~T'l ~ . V e, aim.® p + & cos.* p' 

— sin.® p,-j — - 4 cos.® p 6 

ft ' ft * 


(157.) To find the radius of, curvature at any point in an oblique 
eeetion of a curve surface. 
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* Let A P rapteseut an oblique sec- z 

tion throng A, and let A P kf a \ . 
H,ort»al eecti&n through ‘the same \ 
point Take, the axis of a: a tangent \ S 
to A P at A, it shall also he a tan* y 
gent to A F. Let A’B and AZ' be- **\ 
perpendicular to AX in .the planes • \ 
of AP and A V' respectively, and J\ , 

let Z A Z' = t, A N = h, and g and " y 
g the radii of curmture of A P and / 

A P' at A ; then — limit of Y / 
t . V 


NP / sec.0 » .. . ,1.2 + \l.'i * *•' ’ * 

NP ~ 15mit 0 ! ^T~ =,ecJX . 1 "” l ° r» V kr ~S ]i * 

* 1.2 + dc U2.3+-’ • 


--- sec. 6 x limit of 


.. /+ ».Q+'Gr+- 


* A 

' + £ .•> + •• 


bee. & (as the limit 


of =t 0, since AX is a tangent to the projection of A F on the plane 

* \ * 

of XY); ,\ ? r- i cos. 6. 

Jlencc g' is the projection of / on the plane of the oblique section, 
which propei ty is the theorem vf Meusnier. ^ 

Example (1.) To find the radius of curvature of any normal section 
at the extram ity of the axis of z in an ellipsoid. 

Let the point be taken as the origin, tfceq the plane of xy is a tjwgont 
to the curve surface, since *the axis of ! coincides with the normal ; 
z = 0, p = 0, anti q =~ 0 at the given point. # 


Rut J 7« r)S = L * leBoe $ + % + 5 J 





i', 7 ; 4 > !' ihfeebrntiai. caucus , r /. 

In a similar maimer it appears that t =» ~~ and s .*»' 0 jr y{; ifry y 

■' "■ * * tr * ' ^ ' t ' J ' ' yy* ■. 

y „ 


.1 a* i 
••• t*s: = * and fc 


i* t } 

c ’ Ut ^ £ 4 sin. 2 p + fa *^ 8 * S ¥ 


t - 


a? b ® 

_ r 


c (a 2 sin.® p + cos.® f j <? 


when « =s= b f widiifo is ike 


case when the ellipsoid becomes a spheroid of resolution abont ifee 
axis of x. 


Ex. (2.) To find the radius of curvature of a normal section through 
any pSint in an oblate spheroid. 

Let X be the? angle which the normal at the given point makes with 
the major axfs, then 




e — 


a( 1 - e 3 ) 

(!-*■€* sin/x)* 


and f a « 


a 

(1 - e 3 sin, 2 X)** 


Let p be the ‘angle which the flection makes with the normal plane 
whose radius at the given poittt is g yJ then 


* ^ ^ £ a ft «' 1 - <? S 

* f, sin.® p + f 2 cos ' a 9 v' 1 - sio.*X * 1* + /* cos, 2 Xeos.® p - e 8 

V 

{*158.) I? a line be traced on a curve surface such that the normal 
to the surface at every point of it is "intersected by the consecutive 

normal, it is called a line of curvature. 

© 

t 

{15(h) To determine the lines of curvature through any ptolnt in a 

given surface. 4 , ^ 4 e 4 

« «. 

Let x be a point in the surface referred to rectangular co- 
ordinates, then the equations to the normal at that point are x — x + 

♦ 

p (Y — z) = M «= fh and y —§ +* £ (s' — x) = N -= 0, . (1 ) 

Let x end y become equal to x + k and y + h respectively ; then 

the cqrreflpondmg point will be 


> the equations to the normal at 
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m 


M + A + * <f &* = 0, «ndi? -f 1- k+ -J fc-f&c. = 0. 

dr ; dy* dx dy 

• / 

But M = 0 and N ==? 0 ; .% these equations become * 

dM dMLIc ~ _ rflT . rftt * . 0 ft # 

dr ~ dy & * A; dy A • 


But as the normals intersect and are consecutive * k and h are 
dependent, and A = 0. * 


d M dM dy 

<fe? dy dx 


0, and 


dN 

dr 


+ 


d N dy 
dy dx 


(«) 


Again, a*', y , /, the co-ordinates of the point of interaction of tho 
normals, must have the same values in Si the equations^. * If, there- 
fore, we substitute the values of M and N in (2), as found from (1), 
we shall have * 

* 

i +p(p + i-J^) + (t - ’')( r + s ;f ) = °i ( 3 ) 

Z + q ( p + « &)+ ( *-^(* + * £) “ 0 ; (4) 

• • 

• • * 

and by eliminating wc have 

( ( 1 +q*)» - ptf) (j£) +((>+ h ' - 0 +i> ! ) 0 d £ - ((! +#> - l>qr) 

* \ 

-=- o, which is the differential equation of the projection of the linea^ef 

» 

curvature. But ^ is the tangent of the angle wlfioh the line joining 

» * * . 

* • * 

two consecutive points makes with the axis of x ; ^nd aft it is of two 
dimensions, it is obviofis that there arc two line! of curvature through 
any point in the given surface. 

• * 

(160.) To find the radii of curvature at any point of a curve surface, 
in terms of the co-ordinates of that point. 

Let x, y, z be the co-ordinates of the given point, and r, y\ z' } those 
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of .^be Joints in the normal corresponding to the centres of 

. f. is #4 (& ~ y) J + But T ‘ ' x ^ - (z - z) p and 

/ , ' h * ,4 1 ' "i 

'y -y '=»-•{* ~r)$(145)j‘ ( .\ **■*= (*'-«)* (1 4; p 2 + </ 2 ), and/ - « = 

— 1 >=: I; But bv eliminating ^ in (3) and (4) of :(1$9)» 

+ ^ k, 

we have , ■ ’‘* r _ i- ■ . ' i i -* ' 

* 1 v x ** > 1 ’ t » * 

• - :(*'-*) {(* + + (i 4 j#M) «* 

f (r i - il) - £ £ ((1 + ff 2 ) ** - ^ P <1 s + (t *+* P s ) 0 + & 4 558 
% *• ; 

The two lfoots of this equation give the greatest and least radii oi 
curvature of the normal sections passing through the point fa z. 

#■ 

Example. Find the radii of curvature at any point of a paraboloid. 


Let - + -- = 2 z be the equation ’of the paraboloid, then f 
a b o 


£“ 3 *“ J “ »**** 1 ■ + r’ + i’ !r - + ? + 


« d?z 1 d' l z , ~ - 

da? x a iixdi/ /ht 


<*** J 
~ ~ ft 


fc (a + b + 2 z) g + ah k* — f) ; and » = 


/** ,y* ,■. (<*'+ b+'t 3 . /(' 

v^ + ^+cH •-•2“ 


: «+ft+2*\ a , /*“ .y* ' 


which gives the radii of minimum and maximum curvature at the 
'i point as, y, e. , 

‘ i % i , ( t t ^ '*•* ^ ^ 

° / /,4 , 

(16 t L) To determine the radius of spherical curvature of a curve of 
double curvature. 

Tte genial caution of a sphere is 
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<*-*)• + (y * JSJ* + (*.- yfmfi 

and in this case y and z are functions of sc. If, therefore, • 

* • 

dy dhj ■» , , ,<k'd*z , „ , 

dot d*’ &C> * ’ &c -’ and 3» dc* ~ q "* ; &c “ 


a - « + (y- iS) jp' + (A*, y) q' =s 0 ; 

♦ • 

(y- 8 )p" + + 1-f />'* -f ?'* =0; 

* • 

Cv - /3) P" + (*- y) jV + 3 (p‘ P' + 2 </') = 0. 

• * * 

Theso four equations enable us to eliminate /3, y, an4^ and there- 
by to determine the centre and iadius oftmrvature. # * 


If* tlio proposed point be taken as the origin of co-ordinates, and the 
tangent at that point as the 'axis of ^*, then jl — y =a z =, and p' = 
9 ss 0 ,* a ss 0, ftp” + y q" = 1, and /?/" -f 7 g ' = 0 ; 


.■./?= , „5~ , , and y =- / „ 

P q ~~ P 9 * 9 P ~ 9 P 


+ cr 


* 

v/rftj? ^ v W/ _ 

p' </" — p " 9 * </*y d 3 .: tf*?/ 

i/ 3 ~ o> 3 

• * 


( 162 .) To find the equation to the plane which osculates a curve of 
double curvature at any point. # 

y - .r + ($' - ?/) y + (:' -> z) q' =s 0 Is^he equation to the nbrnal 
plane through the point x, //, « ; and if we differentiate this with regard 
to r, we have (?/ -y)p" + {s' - z) q - (i + p' 3 + gr* 9 ) sc 0, which is 
the equation to the consecutive normal. But tbe&e two normals inter- 
sect, and their common section must be % Straight fine, the equations 
of whose projections on the planes of a: and yz are 


X - J} ** {£ - z) 


9 'p ~9 r 


V 


- (1 -tV f ?'*) 


p 

r 


z 


* 
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-(«■-«)£ + l±^+r. 

p p 

I 4 

♦ 

Let the aquation ,fco the osculating plane be 

f 

♦ r ' <** 

, z - z — At(x' - x) + B (y - #), 

# «> 

then, since this plano*must be perpendicular to the Hue pf intersection 
of tbe consecutive normals, we have 


>* t ' ‘tr • * 

A = - and B = — ; 


- (x' - d>) ~ 




(163.) To find the radius of absolute curvature at any point of a 
curve of double curvature. , 

The equation to the osculating plane is 

*'*-*=- (*' - *) --- JA— + (y. - y> L 

1 r V 


« # 

» t 


which becomes c' ~ = - a (#' - .a?) + £ (?/ ^ y) if a - 

f 


? ? - * jp 

7 


* q" * l ' 1 

and & = -i; j and the equations to the line of intersection of two con- 
i’ ✓ ' . , » 

flCcutive normals are ^ . 


x - x -dz m{z r 4) - - + ' 

. * ; f P " . . . . P 

m being ^ 1 f, and at tbe point wheyc this Hue intersects 

the osculating plane, we have ' 


fn 


■ * ** <**(*' - «)’+ ~jjp- - 62 (*' - *)'+’ 


.•• * = ^L In a similar manner we have 

>• ■ y p* 1 -f « -f b 1 



DJI FJBIlWriAl 0AJLCUIU8. 


m 


, in p -f- ty* 

r « // 1 + a ~ + 


, , to flrg'' - 1 * • 

»■*» -*»- p' .,+*+»■• •. 

• * • 

But f S= ( a - .r)* 4 - (y - y)* 4 - (* 1 ; 

7 *V (<v' + b T + (p 4 - fc /)* -f («?' - 1)* 




(1 -{*' <3* -j- 5^* 


But since a ^—, T , and 6 — we have • 

p p 

a ■+■ </ - ip — 0; 2 (ab p -f- bp# - aq ) = a* 4g y'* 4- 6*p' 8 ; 

. c » _ /« \* 1 4-p' 8 + ^ - 0 +i^+ <!> 8 

‘ £ VP"' 1 4- a* 4- ^ <fp") 8 ’ 

M -X. p'* -U 0'*)$ » 

* fi =r y ~ - 1. T _ JILJ. ~ ; and if the arc s be made 

‘ \/p" s +r-+{fp - if? 


the independent variable, we shall have 

r JL~ 

= .n*: 

s 




EvA^MfLB» To find die ladius of absolute curvatttte of' the hsfrix, 

• g z 

whose equations ate os « a eos. 1 , and y ~ a sid» r* 

1 • . • *. • . 

• • 

& x • hifc , 

Since a eos. -xz^zsszh co&~ 1 ^ ana <fe !=? ^ ^ 

Z 

Again a 2 eob, ? ^ — u,*, 


ajtffcr 


a* Bin.* ^ SB y* ; «* =t *•* 4- f, and dy s* - v'a^T** 5 



1«0 


lwnitwui. cAjuxi.ua. 


/. <h* + ¥ + dg* m A 4s = sT& +dj? + dz*. 

u ~ A 1 * 


1 (c?-{*+h*ydx « Z dx a p 2 

(152) = ' But *poe as = a cog. ^ ^ ~ ~J t ««• *. 

■ . ‘ 

a? - <fe n 


dz y <% ' « , <& 

-: = -# - - q* - T *. «U*d T S= 

ds V a *<-|-^<fr VV + A® * VV -f ^ 


d®a? I dy x d' 2 y __ 1 dv __ y ! 

<fo 2 ~~ Va 3 ^/i fl ^ ^ a a + h 2 ’ <& 2 vV-j-A*<& ^ « fl + A * 7 
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CHAPTER XVII. * * 

• • 

CYLINDRICAL* CONICAL, AND CONOID AL SURFACES, AND 
bU Hf ACES OF REVOLUTION. * 

(104.) If ft Straight line move parallel to itself, and describe with 
its extremity a given curve, it sliall’gene^ate a 'cylindrical surface. 

The given line i* called the generatiix , and the «given curve the 
da e( tm. 

(Ifio.) To find the general and differential equations to a cylindrical 
surface. * 

Let r *rr az + a t a -r j 

♦ # 

?/ = -f- /i ; \ £ = tf - 6c, be the equations of tfie generatrix 

in any of its position*. 

• • 

Then since the generatrix always moves parallel to itself, b and b do 
not vary But ct and /3, which are the co-oidinates of the point whqrc 
the generatrix meets the plane of jr //, are constant for the same posi- 
tion of it, and vary ab it passes from one point to another ; and as they 
always vary and are constant together, it is obvidua that the one must 
be a function of the other. A $ s=- <p (a)j that Is, y - 6* ~ p (x r ax\ 
which is the general eqttatiomto cylindrica> surfaces. 

. * * # 

11 we eliminate the function from this equation by diffiamiktion, we 
shall have 

• . 

a< ^ s=r l, which is the general differential oquitfion to cy- 


lindrical »ui faces. 


4 
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(166*) Givett the equ&fcjons of the generatrix to determine that of a 

cylindrical surface which shall envelope a given surface, 

* * 

« 

We have just found the general differential equation of a cylindrical 
surface to he « r 

e < < 

a ~dx ^ b dy T (*) at the points where the cylindrical 

c 

surface is touched by the given surface, the co-ordinates ?/, z must 


he the same for both ; if, therefore, tin* differential Coefficients ^ and 

* C 

be derive^ from the equation (o the given surface, and substituted 

w * 

in equation (l),«they shall fulfil its conditions ; and since wc have now 
the result, the equations to the generatrix, and the equation to the 
given surface, we can determine the equation to the required cylindri- 
cal surface. 


Example. To determine a cylindrical surface*which shall envelope 
a given ellipsoid. 

\ t 

Let the equation to the ellipsoid bo 


A + +(•*»«!. (0 = - 


A x 


and 


dz By 

dij ('*' 


Substituting these in the equation a ^ + b - = 1, then A ax + 

Why -f C z as 0. ($) t And the equations to the generatrix are 
x =: a? + anil y =* ft (3) * 

t. 1 f 

Eliminating x, y, * by means of (l), (2), (3), we have 


(A a® + B/d 3 - 1) (AV 4- B2>* +C)e:(Afl» + B6/3)*. 
Substituting the values of w and $ from (3), we have 


(A + B {y^bz)*~ 1) (A a 2 + B + (') =.(Aa (&-c«) f 



B6 Qf-bt) y m, ( (A«x 4 - B by *. C'^-jjfcA «* -f B 6 »+ C) if; 
.'?(AV 4- B^» 4- 0 z* » 1) X (A a* 4-:BW+;C).= (A ax 4- Biy 
+ C z)* t which is the equation to the required cflin^tical Wrface. 

* .■ ■ )f 1 ' ' * ‘ ; * , * 

If the surface be perpentiicularto the plane of ^ a c= O^and h » 0 ; 

the equation becomes A & ^Rytz=z 1, whiehjstbat of an upright 
elliptical cylinder* # 

(167.) If a straight line pass constantly through a given point* and 
describe with its extremity a giveto curve* it shall generate a conical 
surface. % 

» . • 

The line is called the generatrix, die point tb$ vertex, and the curve 
the directrix . * m 


(168.) To find the general and differential equations to a conical 
surface. k , % , 

Let the co-ordinates of the vertex be a , b, t, then th^ equations to 
the generatrix are 

* 

x - a = « (z -* e), y - $ a /3 ( j - <?). 

• , 

But when a point qp the surface changes its position without leav- 
ing the generatrix, a and /? are constant, but when it passes from one 
position of the generatrix to another* a and fi both vary. Now, sinfce 
these quantities both vary, and ase both constant together, the one must 

t* 

be a functioq of the other ; ,\ j3 = f («) : that is, - =ss f> t 

# ♦ 

which is the general equation to conical surfeccs. # ♦ 

* * - 

• • , * 

If we eliminate the function from this equation by differentiation, we 

shall have 

• . 

z ~ c ^ (<r - 4 ) + (?/-&), \yhieh is the differential equation to 




conical surfaces. 
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Cor, If the vertex be the origin o^co-ordinates, a = 0, b = 0, c = 0, 
and the above differential 'equation becomes 


dz dz 

z ^d« x + dv» 


(16&.) Given the equations to the generatrix to determine that of a 
conical surface whiclf shall envelope a given surface. 

We have just found the differential equation of a conical surface to 
be • 

• « 

• * - e - J (* - a) + ~ for - b). (1) 

# ^ • 

But at the points where the conical surface, is touched by the given 
surface, the <?o-ordinates x , y , z must be the same for both. If, there* 

fore, the values of ^ and derived from the equation to the given 


surface, be substituted inequation (1), they must fulfil its conditions ; 
and since we liave now the result, the equations to the generatrix and 
the equation to the given surface, wc can determine that of the required 
conical surface. 

Example., To determine a conical surface which shall envelope a 
given ellipsoid* 

6 ‘ .a 

Let the equation %p the ellipsoid be , 

&x* 4* Ifyy® + Qt? — 1 (1), and let the axis of z pass through the 
vertex of the cone, then a *= 0 and 5 = 0; -\ the equation to the 


conical surface becomes c — — x + ~~ y. 
^ c ; v dx dy 


But 


dz __ Ax 
dx Cz 9 


dy 



1 = Ce*. 


(*) 


Let the equations to the generatrix be x. = a (z -* c), y = 0(x«~c). (3) 
Eliminating x, y, by means of (1), (2), (3), we have (A ct 9 -f B0*) 



nBWMutott. dxtct'LilS, t%| ; ■ ; 

1 , , 1 ’’ u ' ' 1 ’ r 1 'i 

‘ ’ % ■'< i' ‘ « ' I- I r,' ’ 

lor « and /S their values from (3), we, . 

■j' 


( ; ' t) t >■ 

have (z ~ e)* = (Aaf + Bjjj*) f (o* - ^ ^ ,, which islsie equation to the 
*» \ yV • *{ > - 

® 1 ~ 
required conical surface, 


» 

if 


(170.) If a straight Hue move always parallel Ho ibe plaaeof x y, 
and one of its extremities move along the axis ot % While the other 
describes a given, curve, it will generate a conoidal surface. 

* , ;• ,, ‘ ** ■» J 

(171.) To find the general and differential equations to a conoidal 

surface. * * 

- o m - * * * 

V 

It is evident that z 0 and y m r o^as are the equations to the gene- 
ratrix 3iow if a point change its position without leaving the gene* 
ratrix, cc and p are both constant ; but if it pass from one position of 
the generatrix to another, a and 0 both vary ; since the$e gUantiries 

both vary and are constant together, 0 m <p (a) : thutis, 'z* <p ' 

which is the general equation to conoidal surfaces^ . < ^ : / 

« » * 

If we eliminate thp function from this equation by differentiation , ^ 

o ‘ < 

we shall have x-f- + y -—• = 0, ’which is the differential elation to 

ax ay t * ’v^ ,l 

1 ‘ ; » , , , : aP 

conoidal surfaces, ' |* ^ ' 


(172,) If a circle move along a straight line^which passes through 
its centre, and is perpendicular to its plane, ^and if the circumference, 
always pass through a given curve, it shall generates solidof revolution. 

* ; ’ ' , 

The given line is called the axis, and the given earn the directrix. 

t ' ■ ' ' , 

‘ • , . ,, ^ . a . , ’ . ■ ", 

(178.; To find the general and differential equations to surface* of 
revolution, . 5 '• ■ "/ w 
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« + *, + < = c, »a (,-.)• +<*-£)> + *•“>*• 

equations to the circle. * 

• Now ikny point in the surface change its 'position without leaving 

geoetal equation, to U surface of revolution. 

If the axis of revolution coincide with the axis of s, a~ .0, b = 0, 

« - O =0«i •. a - f W + f + ^ E ) « r * - * <** + J >• 

‘If we eliminate ’the function from (1) by differentiation, we shall 

\ * .. .*■' , 

„ + (3-y)a-(a-x)b = 0, 

have (fc + <3 - JO ^ + ^ 

«r ' i 

which is the differentia! equation to a surface of revolution. 

(1741 If a .surface be generated by the consecutive intersections of 
a scrls of planes drawn Lording to a given law, it shall be a deve- 
lopable surface ; that is, one Chat may be made to coincide with a plant, 

. without tearing or rumpling. 

* ( jr 

(175.) To find tlie general and differential equations to a developable 
surface. 

j et „ 1 Cx + IV + 0 be the equation to a plane, then it is ncccs- 
' Ba V et i;^r that there may be any number of e.nsecutn-e P ones 
drawn after a given lav , that the constants A, I., and L must 
tions of the same parameter a ; 

1 ... r <j= x /(a'i + y F (“) f (“)* ^ 

■nm'mim * J, « to Mk — « -«• * “ d " ta ~ 

a/(a) + ,W+ f '(“) — °* 

m 1 ,«) are the equations 1 to the intersection of two consecu- 

* «»,*•»* a.*— 1 

equation to < 
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Again, since e = xf(a) + y $(a) 4. p(«), 

^ . *, , . «. . ... 


4tt.v 


^ =/(“) + <•»/ (*) +y F» V?' W) r *A«) by (2} ; 

* ‘ ' . '■ V':' ■ • 

v ^ ' - • ’ # v, , m 

*“ d ~ du = $&) %(&¥■ {*)+*/' fa) -f ^(of)) -^=r F(«) by (2); 

... * =, i®;-:-.- to . j//±W. 

^ Y Wy / <& ■ Wy / d£</y Y Ailjf/ * 

.’♦ - = 4" }• In a similar manner ft appear# that ^ 

' ■ 1 ' * ' ^ ■ » 1 • , . 9 1 

~ 4' / ■’* r L ■“ * 8 which *is the ’differential equation to 


developable surfaces. 


, Examples for Practice on the There preceding C*iai r Eits. 

* 

(1.) If x l + y 2 -f* ^ a * be the equation to a sphere, then xx , 

+ yy + ^ Is the equation to its tangent plane* » t 4** j * 

a* // 3 # z* 4 

(2.) If - jj, = l*be the equation to a hyperboloid*of 


, i , yy zz ... . * 

one sheet, then ^ + -^ - — = 1 is the equation to its tangent 


plane. 


w® • • 4-1 # 

(3.) If + ~ + — = 1 be the equation to an ellipsoid, then 

t - ■ ■ 

the pyramid forined by the tangent plane and the three co-ordinate 
1 a 2 4V 


planes 


6 xyz 


(4.) If three tangent planes to an ellipstrid whose equation is 
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yit 

--g + ~~ 4 -~ = 1 be at right angles to each other, then their point 

,of intersection will trace out a sphere concentric with the ellipsoid, and 
whose radius is g £= v/« 2 ,V> + c 2 - ■ ■ " . 

/ I. , „ 4 , - * 

(5.) If y* **' + v j/ + v * = a he the equation to' a surface* 
then the sum of the intercepts on the co-ordinate axes made by a tan- 
gent plane is constant. *- 

(6.) If a? 2 + => as be the equation to the common paraboloid, 

r 

, 2y 

then a:' - # + — («' - z) ==s 0, and ?/ y + — (*' — z) = 0 aro the 
* a a , 

• • 

equations to ^ts normal, and/;? as. t ^/l being the length in- 

tercepted bctwech the surface and the plane of 

i* 

(7.) If the equations to a curve of double curvature be v* + z 2 — . 
a 9 , and ?/“ + z 9 = 6 2 , then the equations to its tangent line are jcx -f- 
zz «. a 2 , and \j\j -f zzf ss 6*, and the equation to its normal plane is 


* , y 

x v 

' •w* « 


1* 


(8.) The equation to an elliptic paraboloid ist =. 


** . r 


— , prove 


that the radius of cqrvature of a section through the axis of z, which 

h 2 6 

makes an angle oft- 30° with the plane of .rz, is g — — 

® “r 


• T 2 y 4 v 

(9.) If z = -—*••+ b^p the equation to an elliptic paraboloid, then 

* « 

« i ^ i 

the radii of curvature of the normal sections of greatest and least cur- 


vature passing through the Vertex are $ t 


and g,= 5 . 


p 4 ^ jy® 

(10.) In the hyperbolic paraboloid, whose equation is z = - - 
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i m 


prove thatthe normal sections of^reatest and least curvature passing 
through the vertex are at right angles to each other* v 


(H.) 


The equation to the hebgoide gauche is * — - ian. 



prove that n 2 f - (1 + n% (x 2 +^ 2 )) 9 = gives the radii #f maximum 
and minimum curvature of the normal seetions*pagsing through y 3 z. 

* • * 

(12.) The equatfch to the equable spherical spiral ft i® + y~ + z% — 
4r a , and#* = 2y*r, prove that the radius of absolute curvature 
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chapter xnn. 

* 

* 

ON THE METHODS OF NEWTON, LEIBNITZ, A'ND LAGRANGE. 


FIRST, NEWTON^ METHOD* OK THAT OF FLUXIONS. 

f (176.) Newton conceived all quantities to be produced by continuous 
motion. Thus/ solids, are generated by the motion of surfaces, sur- 
faces by that t>f lines, hnd lifo by* that of points. 

* 

(177.) The increment or decrement of a quantity at any instant of 
time, taken proportional to the velocity with which the quantity flows 
at tlmt tiine, Newton called tho Fluxion , and the quantity itself the 
Fluent. 

(178.) The fluxions of the, quantities z and x he represented by z 


and being the ratio between the ratco of increase or decrease 

x 

the quantities z and x at any point of time is equivalent to In 




* / d 2 z d 3 z d*z 

like manner' *, ~ r, &c. are equivalent to ", 7 ", . and 

x a x* * f h a (h a ds* 


thus Taylor's Theomn, which by the common notation fs z ~~ z -\- 

* 

dz * d*z V.- d*z ‘ V ... . 

~ h + , > , - + , sr will assume the form of 

dx ,dx* *1 .2 * tfj* 1,2.3 

z z jp z . p 

z = & -f “ h + "■ - m ‘ ^ - + &c. when the fluxion- 

x x 2 1.2 • jl 3 1 .2 . 3 

ary notation is employed. * 

< 

(179,) If the velocities by which two lines, surfaces, or solids are 
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generated be uniform, and as in the corresponding increments of 
the quantities will Ife in the same ratio, which will therefore be the 
ratio *of the fluxions ; but if the velocities continually vary, the limit 
of the ratio is taken as the ratio oY the fluxions.* • 

% 

(180.) We shall nqw proceed to demonstrate sorne # of the funchi- 
mental propositions of th# Calculus by the method of fluxions. 

N 

(1.) Let z = a^then z ===*2 xx\ • 

For let r as the indefinitely small portion of time during which the 
velocities are continued, and ,£ arfd x the velocities, th^i 

z re ' = (x rx'y zs. x? -f 2rx$ -f* * 9 $ut,z = x * ; •.*. 
r z c=. 2 r a* x + # 2 ; and . v z == 2 x x + rye* == 2 &x y since r is 
evanescent. # 

f 

(2:) Let z = - 2 % then 2 ’ =s natf^x. 

* 

For ; -j- r: = (a: + ass af -f- U rtf*"* 1 a? + W M * a?* 2 

K ^ 


+ &c. But r = x* ; ,\ z =. ?i &*“* # + r 2 tf‘ 3 + 

1 . A 

* . . * 

n x\ since r is ultimately s=? 0. 

# 

(3.) Let z ~ x y, thcif z \ *= ?/ + <r y. „ 


For 2 + r 2 * =■ (# + raf) (y + r ?/) = .r y + + r ®ti + 

But 5 = .r ^ j r* = y a;' + xy ‘ ~f- rx y ~ yx -f* since v zz 0. 


(4.) Let z = a% then z = A a* a?* = Jo^ a*a* x\ , 

» » 

For * + r 2 ' ‘ = a* + r * = a x (1 -f- A r x + »V* r fl x s *-j- &e.) (24) 
= ctf + A a* t x + A 2 a* r s x 2 -f &c. But 2 *= a*; a c‘ = A <r x + 
A a t x s + <&c. *= A a c x\ since r /s of evanescent magnitude ; c = 
log. a a* x\ (2G) * 


* Jf the portions of time, however, during which the motion is continued ho taken 
indefinitely small, the second case will include the first.. For when two variable quan- 
tities are always in a constant ratio, their limits are in that^ratio. 
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(5.) Let z = log, &, then z ~- 

r 

* For sinpe log #_= z, x ~ c * ; **x A e* z xz c* z\ since A — 1 

< 

in tliis case (28) ; 


x 
- x 

X 


(6.) Let z sin*./', then z = cos. .te'. 

« r 

For : + = sin. (a; -j- r ® ) == sin. ® + 2 cos* , ^a; + ^ 

c 

sin. — - Kut% = sin. x, sin.- - = -r and cos. (a: + ) =» 

2 # • Z 4 \ 4 / 

cos. j 2 f = cos, xx. * 

♦ 

In a similar manner might all the fundamental propositions of the 
Differential Calculus be demonstrated by the method of fluxions. 


SECOND. THE METHOD OF^EIBNITZ, OK THAT OF INFINITESIMALS. 


a quantity be infinitely great, ft cannot^e increased by 
the addition of any finite quantity. 

* Let x fye an infinitely great quantity an/,1 ft a finite quantity, then 
x -f- a = x. * 

For, let - + = M, 

x a «. 

1 C * ' 1 t 1 

then x 4 - ft — axM. 1 ; But = ~ 0 ; M , 

' ^ , x qd a 


and x + a = x. . 

\ 

* *• 

(Join If a be a finite quantity, and x infinitely small compared with 
then -f- « == a, that is, a finite quantity is not increased by the 
^ , addition of an infinitely e stnall quantity. The infinitely small quantity 
x is called an infinitesimal of the first degree. 
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• > ' . , ' , . ^ 

(182.) If a? fee infinitely email compared with 1, a* will bf infinitely 
small compared with®, -# 1 V 

' # * ,V\ \V'' 

For 1 : ac, : : a? : jx? ; .% » contains as often as 1 eohtaiifi a;, that is 
an infinite number of ^imes. In a simil^ manner^it appears that a;* 
contains a? as often a& 1 contains a?, and so om * " • ^ 

» • # , 

x 2 , x * a, 4 . . . af are called infinitesimals of^tfep second third*, fourth, 
.... n th degrees . • '* # 

• ^ ♦ 

(183.) When two infinitesimals of the first degree are multiplied to* 
gether, their product will be an infinitesimal of the second degree* 


Thus, if x and y be each an infinitesimal of the first degree, xy will 
b$,an infinitesimal of the second degree. • 9 

# % * # # ‘ * 

For 1 ; x : ; y : xy, y contains xy as often as 1 contains x , that 
ig, an infinite number of times. . r • 

\ ' 1 !\ . 

In a similar manner it appears that the product of three iifftnitesimals 
of the first degree is an infinitesimal of the third degree, and so on. 

• 

(.184.) If x be an infinitely small quantity, and m any finite quan- 
tity, then mx is an infinitely small quaniitv. 


d ' * 7ft it , . ^ 

For let x -= — , then m x = - — s=* an infinitely small quantity. 

CD # ' OC ' " 


(185.) The ratio of two infinitesimals of the same degree is a finite 
quantity. * a 


Let x and y be two infinitesimals of the same degree, then ~ = a 

•» v 


finite quantity. 

^ •> 

O 5> 

j 


it 5 • 

For let x =s and y ; 

oc 

=t * , |h«n - = y = ^ — a finite quantity. 

00 * ,,.v > J. J 


* 

ac 


(186.) We shall now proceed to apply j^hese principles to the 3e* 
monstration of some propositions in the Differential Calculus. ; 

2 n f 'u 
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(1 XiGt z =s a; 8 , then ^ = 3#®. < 

• • ♦ 

4 

. For let*# become == x + dx, and £ cc "z + dz, where dx and dz are 
infinitesimals of tfcfc first degree, then r 

z + dz # (\r + dxf =* a? ~f- 3 a?® </# 4 + 3 a; (fa* 2 +' (fa 8 . But 
s ~= a ? ; dz =?. 3 i#4ix + 3 x dx 2 + ctfx a . Now rfa? 3 being an infi- 
nitesimal of the thjrd degree = 0, compared to 3# /fa®. For the 
same reason 3.x tfa® = 0, compared with 3#* dx. * Hence <£c® and 

d* 

3 x da? may be omitted. /. dz = 3 x* dx r and ^ = 3 x*. 


f2.) Let -r=r=tr", then — sc nx n ~'K 


nn - 1 


-f (fa =» (x + <&■)* -= x n + nx % ~\dx 4 — - #*~*efa*4-" 

* 1 < A 


*•+ nn — 1 

But z = 5 . ; «\ cfa, c= nx *~ 1 (fa -) — - — - - <fa J 4 - . , . 

1 • 

i 

Now, (fa being an infinitesimal of the first degree dr 1 *, dz\ dx 4 , .... 
(fa" will be infinitesimals of tfte second, third, . . . nth degrees, and 

therefore the terms involving them are - 0 , compared to nx*~ r dr ; 

* 

“ sc nx*~ { . * 

dx * 

* * / 

(3.) Let 2 =c= xy % then dz = ?/<fa -f r %. 

\ 

For z 4 - dz •=. (» + dx) (y -f dy) == a:y4 V d* r + # + dir (%. 

, , ,, ■ > 1 « 

But z ~ xy\ cfa ydx 4 - 4“ dxdy, But dx dy being the 

product of two tnfinite&ifiialsLof the first degree, is an infinitesimal of 
the second degree (138), and = 0 , compared to dx or dy; .\ dz = 
ydx xdy. * % • < 



(4.) Let 2 =c* sin* x, then dz = cos\ or rfc 

« v • 

For ^ 4 - dz = sin. (a: 4* <fa) ~ sin. a; cos. dx 4" cos. x sin. dx. 
But cos. (&cl, and sin, dx ~ dx; .*. # 4 - = sin. .r 4 - cos. a? cfa f 

<fa s= cos. # * 
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* (5.) To find the subtangent Al| (fig. page 96) by the method of in* 
finitesimals. 


Let OB =? *, B C= y, ] IF ~ dr, and E 6 « dy, then EG: GC« : CB : BD, 
—that is, dy : dx : ;y : B I). But since and dy'are infihitesimals, 
the point E must coincffle with C, and D with A ; dy :dx::y: 

. . t ^ dx * . 9 • 


AB 




(6.) Let s be the arc of a curve (fig. page 109) 'A1J =s= a, PN = y } 
N N' = rbc } and P' Q =. cfy, then P F, which is represented by e&, 
being an infinitely small portion of the arc, is a straight line ; PF* 
--- I’Q* + QP'*; fliat is, ds = \Tdj? + df. 


f 

In a similar manner may all the other propositions ofctho Differential 
(jpieulus be demonstrated by the mgthod of infinitesimals 


"N 


II1UD. THE METHOD OF LAO RANGE, OH THAT OF DERIVED FUNCTIONS. 


(187.) In all the methods which we have as yet employed for de- 
monstrating the rules of the Diffeiential Calculus, theje is a certain 
metaphysical difficulty which is not easily overcome. This Lagrange 
obviated in the following manner. BN* proceeded to demonstrate 
Taylor’s Theorem by the aid of common algebra alone, and then to 
deduce the principles differentiation from it. In tiffs ^ *cfy Jfle was 
enabled to dispense with every consideration of limits, infinitesimals, 
and evanescent quantities. , / 

s • * . 

Lagrange's method is nearly $s follows : — m 

9 

(188.) If /(.t) icpresent a function of any variabje quantity a?, and 
if .r -f h be«eubbtitutcd for .r, A being any indeterminate quantity, /( j) 
will become /(.r + h ), which may be developed in the form 

* H m * • 

fix + A) ~/(j) + pH + ( ji* 4“ rA 2 *-)- s/£ -f" ^ c ,~r 

. 

(1.) In this development none of the exponent^ of A can be fractional, 
for, if so, let the series bo I ^ 

w 

/(x +• li) = /(x) + ph + + ...+»/*» + ••• 

Now. since x and h are both indeterminate, /^r) must have as many 



m 
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values w£(x + A), and *% the sum of the terns of the series after 

m 

/(#), via* ph + gb* + * € * • + wA* + * * * can have only one value, 

**i fc i 

'But uk* gas as m$ny different values as there are units in w, and each 
<rtf(ar) will combine with each of these values, so that f(x + A), 
when developed, will have f xnor© values tbanrwhen not developed, 
which is ablurd. 

/ 

« 

This demonstration is general and rigid so long as x and h are both 

indeterminate ; but it is possible that particular values given to as may 

destroy some of the radicals in /(jr), which may nevertheless still 

exist in /(#4rA). This is the particular case in which Taylor’s 

Theorem fails. (64) f 

• v 
* • 

(2.) None«of the exponents of A can be negative j for if so, let < 

i* 

f(x + A) — f (a*) pA + gh 9 4" ■ • • • -f“ & A “ -f- . . . 


Th^u^ben h =s 0, f(x-\- A) becomes /(r), and uk~ m -- 
= oc ; /(.r^ = f(x) + oc, which i« impossible. 


(3.) Since, when A = 0, + A) urmst necessarily become f{x ) ; 

. the remaining part of the series must be multiplied by a positive 
power%Tl!ty apd as we have already demonstrated that there cannot 
enter into the development a fractional power of A, this power of A 
h{ust be a positive integer. It will then be of tfie form PA, where P 
, is‘a function of x and A, which d6e$ *ot become infinite when A =~- 0. 

% /. f(x + ft) ^ f{x) + PA. 

« 

But P being a nejv function of x and A, we can separate from it 
that part which is independent of A, and which by consequence does 
not vanish when 4 r= P- ** 

r » 

# * 

Let p =. what P becomes when A ss 0, then p will be a function of 
x without A, and P =r l p + QA, QAkbeing the part of P which becomes 
nothing when A = 0, and a npw Junction of x and A, which does not 
become infinite when A = 0. 


In a similar manner it f appears that Q 
s -f TA, &Ct 





DIFFERENTIAL CALCULUS. 


m . 

/(* + *) = /(») + PA = f m (x) + ph -f Q A* =a f<x\+'f>h + 
qh a KA S = /(«) -)- pA _)_ jA 2 4- r /,8 SA 4 ~ f(x ) -^.pA *4- qh* 

+ rh* + sh* + T/i® = /(.r) + pi + 5 A® 4- ?•/,* 4- «/, 4 +* a, & c . 

# 

% • 

(189.) We shall now^proceed to investigate a general law for dta^ 
riving the coefficients fy>q, r, &c. from/(^) in the formula /(#+ A) 
^f( l ) + pk + qh 8 + rA 3 + «A 4 + &c. ^ • 

For this purpose Jet A + * iJh substituted for A m f(x 4- A) and its 
expansion, and we shall have 


f(x + h +i) -=/(x) + p (h + f) + q{h + i)*+ r(k jf~ Sf + &c. 


Then, taking only the two first terms of the developments of these 
Ijjpjfnials, we have • # 


(*r 4 h rf t) =/(.r) + ph + ^A 2 + ^A 3 + .sA 4 + &c. 


f pi +*2 + 8 ^ sh z i 4- &c. ^ 


0) 


Next, let a? + i be substituted for a? in f{x - A), ai$ its develop- 
ment. Then, since p, r, &c. are functions of £ without A, by (3) of 
(188), we have f 

f{x + h + 0 /(*) +f(x) i + &e f + (p + pi + &A) >+ 

+ £ * + #c.) A 2 + (r + ri + &c.) A 8 + &c. = 

• / 

f(r) -f ph 4- <?& a + *A 3 sh 4 4- &C* • - ) * 

K*) 

+ / {$) i 4 p hi -f- q'k s i 4“ r ^t 4* &c* )+ - 


But the developments (1) and (2) of j (j; + A*+- i) musi be identic 
cal ; p ~f (jt), 2 q ~r p', 3 r - q\ ^ $ =r', &c. =~ &c. 

• • 

Now if /' (tf*),/" U*),/" (fc), &c. represent tflfe first, •second, third, 
&c. functions derived from /(a-), since p ' is derived from p y q' from y, 
r from r, &c. *in the same manlier as derived from /(a?), 

we have p = / ' (a), (x), q = ] ^ » '• ’ 


/'"W 

r_ 3 “ 1.2.3’ 


\r 


_ /""(*) 
“ 1.2.3’ 


r' 


i.s.a.'i’ 


&e. *ft &e. 
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t 

•*•/(• + *) */&»)+/'(*) J + /'<*) +/" (a) ! ^ 3 + 

• < # - * 

(190.) if y, y, y", y", /", & c. represent /(a-), f (x), /' (x), f" (j), 
f'"'(x), &c. we skaK^fiave 

« 

« 

f A A 3 * A 4 

/(* + 4) « £ + y' J + 2 + y #M J # 2~3 + 1 2 5 4*+ &c< 


(191.) Since f (x) is the coefficient d* A in the expansion of /(.r + 7z), 

f t r 

it ib equal what we represent by or by ^ . For a similar 

‘ / 

reasonjf'ta) - ^ , /”'(r) - &c ; .-./(-+ h) -J (r) -| ^/( 

-j- * i * -+■ ^ / . - . + &o. which i*. T.iylor’a Theoiem, <le- 

uX 1 • a i/Jr I * « • 

t, 

rived without the aid of the flifferential Calculus. 

i 

\ (192.) We shall now proceed to* illustrate Lagrange’s method by 
example^. ^ 0 / 

t * 

*(1.) Let z -- r 1 , then ^ =■ .‘1 7®. 


For substitute 7 -j- A for f A, and j * becomes -f* A) 3 = f 3 .rVj 

• «r *"** 

f iz 9 * 

-J- & -f- A* lluf ^ is the coefficient of A in the expansion of 

/(* + *) 0*0; =-. ' 2 - } 

* f 

p or, thes^ ta 



\ *r 

WTHIEIlliNTlAX, f AK 3 tlW*»i ¥ 


h ^ ! 
I 

I 


l^or let x -\- h fee substituted fgr se, then «tr* beowines af*> + h)* 


• • 


fi ft" i 2 ft# $ $ 

= rto," 4 - n aa n ~ 1 7i 4~ rt aaf"’*4 2 + &c, ; .% * 5 - ** naty*V. * s 
1 2 «& -» * {' 


^3.) Let z =.a x , then Aa' = log. ef w, % 

* «v 

« 

For substitute r *|-7i for then a* becomes a* 4 **=: + A a 4 * A + 


A- ^ 4- <&c. ; ,*.^ = Aa® —"log. a 

1.2 ’ Ob 


ijJp^rLeK =- log. jr 9 then 


<fc ^ l 
(7a: i 


“S“ 


[or let ♦ 4- h be substituted for r, then log a; become log. (x + A) 


. , h h» k' P , , . 

log. x 4- - ,<>+.* . - &c. by common algebra; , ■= . 

0 1 ‘2 r 2 3 7 J * dr j 


dz 


(5 ) Let z = siri. a, then ^ ~ cos. r. ^ 

For substitute r -) h for ?, then sin. 1 becomes sin. fa* 4 3=3 

i \ 

, , . * h 3 , A* . V 

sin a cos h 4- cos. x sin h -^sin. f (1^- 4- ^ 4 #* &c.) 

• • 

1- cos.* (A - K ** 8 + i2 3 4 5 * &c.)-»n. r + cos.*A 


A a , • 

- HU. - , COS,. T J 2 <3 i- sln - 1 


A* 

1.2 


•Ml * . » A* , 


- rfLq. , .• 


(7z 

c7r 


- cos. r. 


1* 

1 


(193.) It is obvious that all that i§ necessary is to expand 
ferent functions (x + A)*, a x *\ log. (» + A), sin. (*4* 
havp at once, not only the first differential, t ‘ Ujl ' 

^ V 1 e 
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i, the, from tips same expansion. These functions 
(&, and' can all be developed by common algebia^m 
iWepaof h, unless whf>n particular values ere given to j , 
are ia<*pme cases so complex, that it is found easiei 
ftw determine the value of a ratio whose terms are evan- 
t*t» Spacer ihqp. Moreover, although accoi ditig to Li- 
j grange's Method seiner limits nor infinitesimals are required for Tlc- 
the ijllfts m ^ttwentiatiop, when these rules are applied to 
Vte&ns problems, ’we are Still under 'the necessity of intioducing the 


% Sppear% tlmrefore, that Lagrange has not entirely obviated the 
dsfi&cnlty; apd although he has established Taylor’s Theorem by the 
ordinary rales of algebra in a very logical manner, it is lxttei to 
ubtadd bojh \t and Maelfmrin’s by the aid of the Differential Calcu- 
lus, mad thro to employ them the development of functf >ns,*a« the 
oxpansionj Of many functifins am obtained with great facility by then 
aid, which, fey the ordinary algebraic processes, are found to be verv 
intricate, ’ . / 


Mns»3) 4* W uivMfie wfcsa <U iumiie «wh ymniiiBiH 









